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- ABSTRACT

For a class of multi-input multi-

-output contrl systems, the problem of
determining the isochronal surfaces will

be considerd in this work. For a special
class of control systems, it is shown that

the trajectories which remain on the boun-
dary of this isochronal surface are asympto-
tically stable under the action of the cont-
rol law which generates them. The isochronal
surfaces are constructed using a method based
on the construction of Lyapunof like function.

1. INTRODUCTION

Consider an object of control whose motion in the
phase space X < R" of the variables X1s Xoy eoeneennn. , X

is described by the linear differential system

X=A X+B U, (1.1)

where U = {ul, Uy ovvoennnanns : ur) is the r-column vector

of the controlling actions, A and B are two constant matri-
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ces of appropriate dimensions. The domain of control is a
r .
convex and compact set, =% & R, and can be considerd as

a unit cube
—_ e - {Ul ,uJ’\(. 1, _j=1,2, ....... ,I'} (1-2)

: : : r
in the r-dimensional space R'.

Throughtout this work, system-(l.l) 1s assumed to
be operating time optimally, i.e. the control input uj(t),
ty X €&ty 1s such that the system is transferred from
an initial state X(to) = (XIO’XZO’ ......... . xno) at
t=t, to the origin of the state space in a minimal time t .
The isochronal surface can be defined as the boundary of
some sets, called the set of attainability. In a different
context, these sets havé been used to characterize the
region of controllability with capture to the target and
to increasing the effect in the Stability of an ecosystem
against external perturbations. Several techiques employ
the Pontryajin maximum principle in its abnormal form,
have been used to find or to approximate this set of attain-
ability. One of these methods is based upon the hypothesis
that if a trajectory is on the isochronal surface, then
the reacability maximum principle provides a necessary
condition that must be satisfied by this boundary traject-

ory. The resulting trajectories will approach the iso-

chronal surface assymptotically. This method is readily
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applied to low dimensional systems having a single control
parameter, [2],. The assymptotic stability of this bound-
ary trajectories under the action of the abnormal control

has been proven in general.

An alternative approach is to use a Lyapunof method
to estimate the isochronal surface. This method also has
been applied to a control system which admits a scalar

control, [4],.

The present work is concerned with the determination
of the isochronal surface for certain multi-input multi-
output optimal control systems. A suitable Lyapunof like
function will be constructed to allow the determination
of the set of attainability. It will be_shown that for the
control system (1.1) the abnormal control will drive the
system asymptotically to the considerd isochronal surface.
Advanteges of this method are that it is applicable to
higher dimensional systems and does not require calcula-
tion of orbits or a choice of boundary conditions. It will
be shown that the trajectories which remain on the boundary
of isochronal surface must be asymptotically stable under

the action of the control law which generates them.

2. THE OPTIMAL CONTROL SYSTEM t

Restrictingattention to system (1.1), some useful

properties of optimal control systems relevent to the
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enusing analysis are summarized below .

] -

7_

The boundary of the set of attainability formes a con-
tinuous surface, the minimum isochronal surface, in the
state space and is composed of the set of states from
which the origin can be reached in optimal time t*

The isochronal surface form a family of closed convex
surface which expand monotonically from the state origin
as t% increases on the open interval (0, o0 ).

If the eigenvalues )i are real and non-positive, then
control system (1.1) is a time optimally controllable
to the state origin from all states X of the state
space.

If 7 are real and positive, system (1.1) is not time
optimally controllable but it exhibites a bounded region
of controllability.

The time optimal control, if it exists, is unique and
piecewise constant with at most (n-1) switches for

each control parameter, these switches occurs at the
vertices Ve of =,

1f any of )i is complex, then the number of switching
points is finite and depends on the distance from the
initial states to the target set, the origin.

Equilibrium points of controlled system may or may not

lie in the isochronal surface.

8- Optimal trajectories may approach the isochronal surtace

asymptotically from inside the set of attainability, or
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it can not cross and meet these surfaces, or it may lie

entirely in isochronal surfaces.

This last property provides the basis of the analy-
sis used in this work. A method for calculating a like

Lyapunov function which can be used to construct the set

of attainability will be present in the following section.

3. LYAPUNOV LIKE FUNCTION

Consider control system (1.1). Assume that this
system is asymptotic stable, each of )i has a negative real
part, then this system possess a bounded non empty attain-
ability set from the origin. Summer's results, [4], canbe

generalised in the context of the present work as follows.

Let V be a continuously differentiable function

VIR~ R
such that

i- V(0) = 0 ;

ii- {Xe RV gV § e {xer™ \v(x) ¢ W} for all
+

*
values of W such that W > V | where V is some speci-

fied positive real number;

iii- L X eR"| Vv (,m) 3ol e{x er™ \vx) ¢ V' }for all
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u such that \uj(t)‘e.ﬂ-.

Then the set of attainability S from the origin
for control system under consideration is formed from the

union of subsets Sj‘safisfy

+*

5. < (xer" V() ¢ V. ] (3.1)

J
Let V(X,U), a Lyapunov like function, be a guadratic

form

T

V(X) =X P X (3.2)

where P is a nxn real symmetric matrix to be found.

Condition i) is satisfied. For condition ii), V must
be positive difinite. Lyapunov like function, V = constant,
represents a family of hyper-ellipsoids with centers at
the origin

Using equations (1.1) and (3.2), we obtain

VLU) = (8 V)T.(AX + BU ) (3.3)

-XTQX+R

where
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Q = (PA + AP) : (3.4)

R = X! PBU + U'BL Px (3.5)

Condition iii requires that
T
X'QX - RO (3.6)

Seting Q = I, 1 is the identity matrix, then equation
(3.6) represents the interior and the boundary of a
hypersphere passing throught the origin.

In order to obtain V%,.one must maximize V(X) sub-
ject to condition (3.6). V? 1S equal to this maximum
values corresponding to each vertex of the control domain.
The required set of attainability is the union of sets

which can be estimated by using equation (3.1). Assuming

that the control domain has a finite number of vertices
k. Since this control domain is symmetric with respect to
the origin, then the number of maximal points XhM’ h= 1,2,

..... ,k: will be reduced to k/2 maximal points.

Using lLagrangian method to obtain these maximal

points. Lagrangian function takes the following form

(X, U,& ) = V(X) + V¥ (X,U) (3.7)
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T T
where V(X U) = X°QX + R, (3.8)

and ® is the Lagrangian multipliers. The required necessary

conditions for maximization of V takes the form

dV/dx = DV/Ox = e =dV/Ax = (-¢)
] 2 n " (3.9)
3‘1’/3}(1 'b‘f/'bxz DY/ an '

Equations (3.9) and (3.8) constitute n quadratic equations
necessary to determine the n-components of the correspond-

ing maximal poilnts.

In the following section, three two dimensional
control systems are considered. The first one is concerned
with real eigenvalues and double control parameters. In
the second example complex eigenvalues and a scalar control
problem will be considered. The last one 1s concerned with

complex eigenvalues and two control parameters.

4. EXAMPLES
Example 1.
Consider the control system
X = -2x + u, + u,
- (4.1)

1
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T
where X = (x,y) and \“1\‘5 1, \uz\qg 1, the control
domain is the unit symmetric square with vertices Vi
h=1,2,3,4. Eigenvalues of the undisturbed system are -1,

and -2. Let V(x,y) to be

V(x,y) = pllxz + 2p12xy + P22Y2 (4.2)

2 2

vV (X,0) = —(épllx

+ 6p12xy + 2p22y —2(p11x +

Pyo(x+¥) + pyoyluy = 2(pyyx + pyyy)u ).
(4.3)

Using equation (3.4) one can determin P; 5 as follows

- 1/4, -0, - 3 (4.4)

P11

From equations (4.3,4)

Nwﬂ\VGﬂ)}0}=u&gﬂhkLml

2 2 2 2
(x_%(ul +u2)) + (y-%-ul) XS 1/16(5u1+2u1u22+u2)}

(4.5)

to get Sj one must maximize

V(x,y) = Ix* 4 2y (4.6)

subject to either
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2

(x - %) 2

(-7 (4.7)

or x2 + (y—%)2\< 1 (4.8)

The required maximal point XMf+ must satisfy

1x/(2x-1) = y/(2y-1) (4.9)
while XM+— must satisfy

3x/2x = y/(2y-1) (4.10)

From equations (4.7,9) the coordinates of XM++ must sati-

sfies

4x3 —l2x2 +15x - 6 = O, (4.11)

y = x/(2(1-x)) (4.12)

The cubic equation (4.11) has at least one single real
root which must be found numerically. In this case the

coordinates of XM++ are given by

x = 0.702, y=1.177, (4.13)
3% %
and so Vl = V++ = 0.8159 and the corresponding S1 takes the

form
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S, € {(x.y) € R® Jx® + 2y% ¢ 3.264 (4.14)
From equations (4.8,10) the coordinates of Ly+- are given by
x = 0.97, y =-0.5
So the corresponding 82 takes the form |
82 S { (x,y) € R2 lxz + 2y2 XY 1.443 (4.15)

The required set of attainability in this case is

formed from the union of S1 and 52'

Example 2.

Consider the control system

‘ (4.16)

>
[
Lt

y=-X-Y +u

where Ju} { 1, and the eigenvalues of system matrix are

(-1 +Y3i)/2). The Lyapunove function takes the form

2 2
V(x,y) = P11X * 2Py9XY + Pyoy _ (4.17)

where
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| | 2 2
V= —(2p;,x" + 2(pyy + Pyy = Py )XY + 2(PyyPyo)Y -
—2p22uy —2p12ux) _ - (4.18)
where  p;; = 3/2, Dy, = 3 and Pyy = 1. (4.19)

from equations (4.18,19)
() VLD 3 03= {uy) €R? {adw)+(-u
({Eﬁ/z)zk {(x,y) [(x—%)2 + (y—1)2~5 (VE/Z)ZSLK(X,Y)(

b2 + ()2 ¢ (Y572)%] (4.20)

maximize V(x,y) = 3/2X2 + X? + Yz

subject to (x—%)2 + (y-—-—l)2 = 5/4 . (4.21)
The necessary condition takes the form
(3x +y)/(2x-1) = (x+2y)/(2y-2) (4.22)

From equations (4.21,22) the coordinates of the maximal

point must satisfies

4y3 - 12y2 + 17y - 14 = 0, (4.23)
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x = 4y(l-y)/(2y-7).

The numerical solution of the cubic equation gives
3*
y = 1.711, x = 1.36, and so V = 8.03. (4.24)

The required set of attainability S must satisty

2

S S_Z{(x,y)e R2 l3x2 + 2xy +2y 16.06} (4.25)

Example 3.
Consider the control system

X =y + u,

V= x -y 4, (4.26)

where the control domain is as in Example 1, and the eigen-
values of the undisturbed system are as those of Example 2.

The Lyapunov like function takes the form

2 | 2
Vix,y)= Pp1¥ + 2p12xy + Pyoy - (4.27)

Using the same method pij takes the following values

y Pyy = % , and Pyy = 1. (4.28)
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To estimate the set of attainability one must maximize

V(x,y) = 3/2%% + xy + y2 (4.29)
subject to either

(x-2)" + (3-3/2)° = (5/2)° (4.30)
or. (x-1)% + (y43)? = (Y5 /2)% C(4.31)

By using equation (3.8) the coordinates of the maximal

point XM++ must satisfy the equations

20y> - 4y + 526y - 559 = O ,

x = y(1-4y) / (2vy-13). (4.32)
and the numerical solution is found to be

x.= 0,345, y=1.098 and V = 1.764 giving

2

S1 < {(:«:,,q,r)éR2 ! 3x2 + 2xy + 2y 3.53} (4.33)

The coordinates of the maximal point XM}- must satisfy

5y> + 27y% + 84y + 15 = 0,
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x = -y(y +7) / (2y + 1)_ | | _ (4.34)
The numerical solution is.found to be

' *
x = -0.863, y= 0.159 and V = 1.005 giving

S, € {(x,y) €R® | 3x% + 2xy + 2y°< 2.01' (4.35)
The corresponding set of attainability must be contained

in the union of S1 and 52 .

5. CONCLUSION

For a special class of optimal control systems it
1s shown that, trajectories'which remain on the boundary
of set of attainability must be asymptotically stable.
A method based on construction of a Lyapunov like function
helps us to éstimate these sets and to determine the iso-
- chronal surfaces. Different cases according to either the
system matrix has real or complex eigenvalues, or the sys-—
tem has scaler or vector control,paraheters, have been

considered.
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