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~ABSTRACT
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the fuzzy topological ordered spaces
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1- INTRODUCTION
In [3] the second outher constructed the concepts of fuzzy hausdorff topological
ordered spaces and some of the weakest fuzzy separation axioms of it such as FTO -

and FT, - ordered spaces.

In this paper we will define and smdy some separation axioms for the fuzzy
topological ordered spaces. Section 2 contains some preliminaries. Section 3 1s devoted
to define and study the notion of fuzzy regular and FT, - ordered spaces. Section 4
devoted to define and study the notion of fuzzy completely regular ordered spaces
which reduce to the corresponding ones of Hutton [5] when relation is discrete order

(i.e..x s y iff x = y). In section 5 we will more studj; of the concept of Katsaras’s
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normality [7]. In section 6 we willdefine and study the complete normality of the fuzzy
topological ordered space and FT,,, -ordered space. Finally, it is worth mentioning
that some separation axioms in the sence of fuzzy topology are contained as particular

cases in the corresponding ones in the sence of order and fuzzy toological structures.

2- PRELIMINARIES
A fuzzy set in X is called X a fuzzy point {9] iff it takes the value o forall y ¢ X

except ooe, say x £ X, ist(o <t s 1), we denote this fuzzy point by W, , where the
point x is called its support. Also, a fuzzy point p; is said to be contained in a fuzzy

set A or to be belong to X, denoted by p.; = A, ifft < X(x). Evidently every fuzzy set -

can be be expressed as the union of all fuzzy points which belong to it.

A fuzzy topology [2} on X is a subfamily 7 of ¥ such that:
@ oler, '
() fpu,per,thenuAper,

(iii) If u, € 7 for each o ¢ p, then supyy {pq} € 7.

A fuzzy‘topological preordered (resp. ordered) space, which given sympolically as
(X, s,7), is defined to be a opon-empty set X endwed with preorder (resp.order)
relation < and a fuzzy topology 7 both given on X. Since the category of preordered
sets comstitutes a more generally than the category of ordered (i.e., anti-symmetric
preordered) sets, so that we habitually treat with the category of preordered sets which
reduces, automatically, to the category of ordered sets when the anti-symmetric

condition holds.
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A function f of a fuzzy topological preordered space (X, =, 1) to a fuzzy
topological preordered space (Y, s, v) issaid to an order-preserving fuzzy continuous
function if the inverse image of each increasing (resp.decreasing) v-open fuzzy set is

increasing (resp. decreasing) r-open furzy set.

For an arbitrary fuzzy set A in a preordered set (X,s) the smallest increasing
(resp. decreasing) fuzzy set containing X is called the increasing (resp.decreasing) hull
and denoted by i(\){resp.d(A)} (cf. Katsaras [7}). Also there exists 2 smallest closed
increasing (resp. decreasing) fuzzy set containing A in (x,=<) such closed fuzzy set is
called the closed increasing (resp.decreasing) hull and denoted as I(A){ resp.D(A) },

whenever:
I(\) = inf {v:v = A, v is closed and increasing fuzzy set}
D(A\) = inf {u: u = ; p is closed and decreasing fuzzy set}

Definition 2.1[3] A fuzzy topological preordered space (X, =, 7) is said to be sFT, -
preordered space if for each fuzzy point p; in the preordered set (X, <) both i(p})

and d( p,) are 7-closed fuzzy sets.

Definition 2.2 [3] A fuzzy topological preordered space (X, <, 7) is said to be fuzzy
Hausdorff fuzzy topological (FT,-) preordered space iff, for each pair of fuzzy points

Wy iy € IX with x sy (resp. x = y) in a preordered set (x, <), there exist an increasing

(resp.decreasing) 7-open fuzzy set u and a decreasing (resp.increasing) 7-open fuzzy
set A such that r < p(x), t = A(y) and g < (1-2).

Definition 2.3 [1] Let (X,=,7) be a fuzzy topological preordered space. A subset A of
the preordered set (X,x) is said to be preordered fuzzy subspace of (X.=<,7)if A gives
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both the induced preorder s, and tie relative fuzzy topology 7, =‘{)\I’A24\€T} and
we denote it by (A.<,.7,).

Definition 2.4 [1] Let {(x, , s,. 7.): @¢Q} be an indexed family of fuzzy topological

reordered spaces, let x=1I
P P ael

preorder relation given as X s y iff, P,(x) s p,(y) for each wel] where

X be the usual cartesian product of x, , s and < be the

P:X =aIeT'.l X, —--> X, is the usual projections of the cartesian product space
X =GI€IH X 1o the a-coordinate space x,. The smallest fuzzy topology on x = 5’&:
which makes each projection p, to be fuzzy continuous is the fuzzy topology

= ?3 7. and the inple (x.s,7)is called the product fuzzy topological preordered

space.

It is clear that the projections p, :X = II X, —> X, are order - preserving

fuzzy contivous functions.

Next, we recall the definition of the fuzzy unit interval which was given in [4]. Let

Jg denote the set of all decreasing functions
f: {0.1}-----—- > [0,1]

On J, we consider the equivalence relation ~ defined by

f, ~ 5 ifff) (t+) = fy(t+) and F(t-) = F(t-) for all ¢ € [O,1].
The fuzzy unit interval is the set {0,1], of all equivalence classes in which J 4 is
partioned by —~-. For each t € (0.1) we detine L, and R, on [o,1], by: L,(D)= 1-f(t-) and
R(D=£(t+).
The fuzzy topology on [0,1], which is generated by the family {L, ,R, :t e(0,1}} is
called the usual fuzzy topology on [o,1],.
By the usual order on [0,1], we will mean the partial order = defined by:

f; s £, iff f,(t+) < £,(t+) and £ (t-) = f(t-) for ¢ ¢[o,1].
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3- Fuzzy regular and FT,- ordered spaces

Definition 3.1 A fuzzy topological prcordered space (x,s,7}is said to be fuzzy regular
preordered iff, the following condition holds: Given a fuzzy point p. in a preordered

set (x,s)and a decreasing (resp. increasing) T-open fuzzy set A containing W, there

exist a decreasing (resp. increasing) r-open fuzzy set p and a decreasing (resp.

increasing) 7-closed fuzzy set v such that

p:s,usvs)\

If the preorder of the fuzzy regular preordered space (x,s,7)is an order, then
{x, =, 7) is called a fuzzy regular ordered space.

Proposition 3.1 A fuzzy topological preordered space (x, s, 7) is said to be fuzzy

regular preordered iff, the following condition holds: Given a fuzzy point p. in 2

preordered set (x,s)and a decreasing (resp. increasing ) T-open fuzzyset A containing ey

there exists a decreasing (resp. increasing) r-open fuzzy set u such that

e s pos D() s A resp. pp s pos 1) = A}
Proof : Striaghtforward.

Proposition 3.2 Any preordered fuzzy subspace of a fuzzy regular preordered space is
a fuzzy regular preordered space.
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Proof ; Let (A= A+Ta) be a preordered fuzzy subspace of fuzzy regular preordered
space (x, =, 7) and let ] be a fuzzy point, in (A, < A +Ta), contained in 2 decreasing
74 -open fuzzy set u. So that there exists a decreasing r-open fuzzy ser A containing
Py, in the preordered set (x,s), with o = A/A. Regulafity of (x, =, r) implies that
there exists a decreasing 7-open fuzzy set v such that
BrsvsD) s A
Restriction with respect to A implies that
pos ([v/A) s (D(¥)A) = (MA)
If (v/A) = v"and (D(v)/A) =D, (v"). Then for a decreasing T-open fuzzy set u

containing the fuzzy point p_, there is a decreasing 7 a -Open fuzzy set v" such that

B s ¥ < DY) s p. Then (A, <, ,7,) is a fuzzy regular preordered space.

Preposition 3.3 The product of a family of fuzzy regular preordered spaces

{(Xqs 54, To): & € J} is again fuzzy regular preordered space,

Proof: Let {(x,, =,, 7,): @ € I} be an indexed family of fuzzy regular preordered
spaces, let p. be a fuzzy point in the product fuzzy topological preordered space

(x, =, 7) contained in a decreasing +-open fuzzy set A, Since the projections
Pg * Xe=—--2> X, are order-preserving fuzzy continuous fuoctions, then it guarantees

that the fuzzy points u, contained in decreasing Tq ~0pen fuzzy sets A,, for each
a € J,in {(xg, sq, 7o @ € I} such that A= {pﬂ;l (Agia € I} regularity of

{(Xgosg: T o € J} implies that there exist a family of decreasing 7 _-open fuzzy

sets v, such that.

By, Sg Vg S D(vy) = A,
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and it follows that for a fuzzy point p and a decreasing 7-open fuzzy set
A = {pg (Ag): @ € J} containing the fuzzy point p;, there exist decreasing 7-open

fuzzy set {Q,(v,): o ¢ J} and a decreasing 7-closed fuzzy set {p(D (v h:a €l}

such that
r -1 -1
uta < Pg (Va) = Py (D(vg)) = A

Then the product fuzzy topological preordered space (X.,s, 7) is a fuzzy regular

preordered space.

Definition 3.2 A fuzzy regular preordered space wich is also SFT,-preordered space
is called a FT, -preordered space.

proposition 3.4 A FT4 -preordered space is a FT, -preordered space.
proof: Straightforward.
4.Fuzzy completely regular and Ft,-ordered spaces.

Definition 4.1 A fuzzy topological preordered space (X,s, 1) is said to be fuzzy
completely regular preordered space if for each decreasing (resp.increasing) 7-open
fuzzy s~t A in (X,=,7).there exist a collection X; of fuzzy sets and order-preserving
fuzzy continuous functions f;:X----> [0, 1] such that,for each xeX, A=sup{i;};
and '

A(x)s H-f(x)o+)s 1-f(x)(1-)sA(x).
If the preorder of the fuzzy regular preordered space (x,=,7)}is an order then (x,s,7)
is called a fuzzy regular ordered space, also if such preorder is the discrete order, then
the fuzzy regular preordered space reduces to the Hutton’s complete regularity in the
senc fuzzy topology [5].
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Proposition 4.1 Any preordered fuzzy subspace of a fuzzy completely regular
preordered space is again fuzzy completely regular preordered space.

Proof:Let u be a.decrcasing 7, -open fuzzy set in (A,s,,74), then there is a
decreasing Topen fuzzy set A in the fuzzy completely regular preordered space (X,s,r)
such that u=Xx/A. Complete regularity of (X,<,Y r)implies that there are a rollection
A; of fuzzy sets and order-preserving fuzzy continuous functions

f:X—->[o,1],
such that ,for each xeX, A =sup{);} and

#(x)s1-f(x)(0+ )s 1-f(x)(1-)=r(x).
Hence one can notice that there exist both the collection »;=(}\)/A and the order-
preserving fuzzy continuous restrictions

(EYA X—>[o.1],
such that, fory ¢ Y , v = sup{v;} and

viy) = i-{( £ ) A} (y)o+) s 1 -{(f YAY¥)(1-) s v(y).

Then (A, =, , 7,) is a fuzzy completey regular preordered space.

Proposition 4.2 Let {(X, , s, , 7, ) : o € J} be an indexed family of fuzzy
completely regular preordered spaces. Then the product fuzzy topological reordered

space ane i Xg » =, 7)is a fuzzy completely regular preordered space.

Proof: Let {( x,, =,. 7,): @ ¢ J} be afamily of fuzzy completely regular preordered

a
spaces, for cach decreasing 7, -open fuzzy sets A, there exist a collection
{(Ag); o € J} of fuzzy sets and order-preserving fuzzy contiuous functions
(fiixq —===-->[0,1];
such that, for x € X, A, = sup (A,); and
A@i(x) s 1-(f)(x)(o+) s I-{f(x)(1-) A (x).
Since each projection of P, : X --—--> X, is an order-preserving fuzzy continuous

function, then one can say that for a decreasing 7-open fuzzy set A={P, (A,): ael},
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there exist a collection A; = {p,,:1 (Ag): wel} 5 with A=sup()r,), and order-
preserving fuzzy continous compositions ((f )0P,): X --— [o,1]; with

pl:l{(}\g)i(x) = 1-(f); (N0 +) = 1-(E(x)(1-) sAy(x)
which implies that

Ai(x) s 1-((E) 0 p(x)o+) s 1-((fy); 0 pd(x)(1-)}sA(x)

and this completes the proof.

Proposition 4.3 A fuzzy completely regular preordered space is a fuzzy regular

preordered space.

Proof: Let (x,s,7) be a fuzzy completely regular preordered space and let u be a
decreasing t-open fuzzy set. Then there exist a collection A; of fuzzy sets and order-
preserving fuzzy continuous functions f; : x — > {o0,1]; such that, for x ¢ X,
A = sup A and
A(x) s Lfi(x)o+) s 1-£(x)(1-) = A(x)
So that for an arbitrary fuzzy point p in the fuzzy set A one can found at least an
order-preserving fuzzy continuous function, say
£: X2 [0.1];
such that, for x ¢ X,
po(x) = 1(x)}o+) = 1-F(xX1-) = A(x).
Since f(x) is decreasing, then
Fix)(1-) = B(x)(1+/2) = f(x)(1-/2) < f(x)(0+)
Then 1-f(x)(1-2) = 1-£'(R,,,) = FI(1-R,},) and it follows that
ke s F1Ly) < PR ) < A

Since Ly, and (1-R,,,) are, respectively, decreasing open and closed fuzzy sets in
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[0,1]5 and the function f is an order-preserving fuzzy continuous, then f I(L] 1) and
F'(1-R,;;) are, respectively, decreasing 7-open and r-closed fuzzy sets in (X,s,7).

Then (x,s,7)is a fuzzy regular preordered space.

Definition 4.2 A fuzzy completely regular preordered space which is also SFT, -

preordered space is called FT;,-preordered space.
We omite the proof of the following easily established.
Lemma 4.1 A FT,;, -preordéréd space is FT, -preordered space.
5- Fuzzy nom.xail).r ordered and FT,- ordered spaces

Definition 5.1 [7} A fuzzy topological preordered space (x,s,r)is said to be fuzzy
normally preordered iff, the following condition holds: Given a decreasing (resp.
increasing) r-closed fuzzy set ¢ and a decreasing (resp. increas{ng) r-open fuzzy set
A with p<), there exist a decreasing (resp. increasing) 7-closed fuzzy set v such that

HsVsysA

If the preordered of the fuzzy normally preordered space (x,<,7)is an order. then

(x,=,7)is called fuzzy normally ordered space.

Proposition 5.1 Each closed preordered fuzzy subspace of a fuzzy normally preordered

space is a fuzzy normally preordered space.

Proof : Let A| and X, be, respectively, a decreasing 7,-closed and r a-open fuzzy sets
with A <X, in the closed preordered fuzzy subspace (A,=,,7,) of the fuzzy normally

preordered space (x,x<,7).Since A; and (1-\,) are 7, -closed fuzzy sets, then Ay and
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X, are, respectively, decreasing r-closed and 7-open fuzzy sets with A;s)h,y in(x,s,7)
Fuzzy normality of (x,s,7)implies that there exista decreasing 7-open fuzzy set » and
a decreasing r-closed fuzzy set y such that A\ s v s v s A, and it follows that v,
=((1-v)/A is an increasing 7, -closed fuzzy sct and y = (a/A) is a decreasing 1 ,-

closed fuzzy set with (1-v,) = vy, and A < (1-v;) =7, =X,. Then (A,s,,7,} is afuzzy

normally preordered space.

Proposition 5.2 Fuzzy normality of a fuzzy topological preordered space is not

productive.

Proof:; To prove this proposition we gave the following:

Counter example. Let X = [0,1]and define fuzzy sets on X as.

H=0
o 0sXxs5.5
vy = ‘
{(x-11/20)/2} 5.5<x=l
X 0sX=0.5
K =
[ 92 0.5<x=1
v=1

One can define a fuzzy topology, 7, ={0,(1-p), v{,1},on X=[o,1].
Also we define
u'=o

o 0<X<0.5

(2x-1) 0.5sx=1
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ry 0<X =0.5

0.55..‘&51

and we gave 1, = {0, (1- TR RN (1-u")v v",1} to be a fuzzy topology on X. With the

natural order on X=fo,1]one can easily show that (X,s,7,)and (X,s,7,) are fuzzy
normally preordered spaces because for an increasing 7,-closed fuzzy set =0 and an
increasing 7,-open fuzzy set v=1 there exist an increasing 7;-open fuzzy set v, and
an increasing 7,-closed fuzzy set p; such that psv sy =v.

But for a product fuzzy topological preordered space X x X,s7x75) with the fuzzy
wopology 7,x7, ={0,vxv; ,(1-u).(¥;xv]) A (1-p;),1}. one can notice that for an

increasing 7,x74 -closed fuzzy set, say A=0 and an increasing 7,x7,-open fuzzy set
A and an increasing 7,x7, -closed fuzzy set v, such that Xs)\lsvlsv. So we can say

that the fuzzy normality of fuzzy topological preordered spaces is not productive.

Definition 5.2 A fuzzy normally preordered space which is also SFT| -preordered space

is called FT, -preordered space.

Proposition 5.3 Every FT,-preordered space is a fuzzy completely regular preordered

space.

Proof: Let (X,s,7) be a FT, -preordered space and u be a decreasing 7-open fuzzy

set which is the union of each of its fuzzy points. Let p be a fuzzy point in u. Since

(X,=,7)is SFT; -preordered space, then i((p’xl)) is 7-closed fuzzy sets with
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h’xl) s d{ (F"x)) = u. Fuzzy normality of (X, =, 7) implies that for a decreasing

rclosed fuzzy set d((p’,l)) and a decreasing T-open fuzzy set p with d(u, )<y, there

&ists, in view of [7, theorem 5,3] an order-preserving fuzzy continuous function

§: X-—-> [0.1], such that.

d((r"))00=1-£000+) <1-f(x_(1-)= p(0) for xeX
ad since (') =d((p’,)) then
)00 s1-£,0000+) =f0)(1)=p0)
The same argument can be applied for another fuzzy point, say (k’, ). in the fuzzy set

» with (p.’,!) =d( (p’,z) }su, to have an order-preserving fuzzy continuous function
£:X----->[0,1], such that
(w x‘)(x)sl-fz(x)(o-}-)sl-fz(x)(l-)sp,(x) for xeX

We proceed this operation for each fuzzy point in the fuzzy set u so that, in general
case, we have there exist order-preserving fuzzy continuous functions f:X---->{o,1];

such that.

(p'x) (s L-F(x)o+)< 1-fi(x){(1-)sp(x) for xeX

Since u is an open fuzzy set i.e., g-sup {(p’z)}. Then (X,s,7) is fuzzy completely

regular preordered space.
We omit the proof of the following casily established.

Proposition 5.4 A FT,-preordered space is an FT,,-preordered space.
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6- Fuzzy completely normal ordered and FT j-ordered spaces

Definition 6.1 A fuzzy topological preordered space (X.s,7) is said to be fuzzy
completely normally preordered space iff, for any decreasing (resp. increasing) fuzzy
sets u and, A in (X,s,7) with D(p)sh {resp. I(u)sr} and ps1-D(1-A) {resp.usl-
I(1-A)}, there exist a decreasing {resp. increasing} r-open fuzzy set u; and a
decreasing {resp. increasing} t-closed fuzzy set

p; and a decreasing {resp. increasing} 7- closed fuzzy set A such that

pspyshpsh

If the preordered of the fuzzy completely normally preordered space (X,s,7)is
an order, then (X,s,7)is called fuzzy completely normally ordered space.

Proposition 6.1 A fuzzy topological preordered space (X,s,7) is said to be fuzzy
completely normally preordered space iff, the following condition holds: Given any
decreasing {resp. increasing} fuzzy sets u, A with D{u) <A} and u =1-D(i-A) {resp.
us 1-I(1-A)}, there exists a decreasing {resp. increasing} 7-open fuzzy set v such that

psv D)= {resp.usvsI{v)si).

Proof: Straightfoward.

Proposition 6.2 A fuzzy completely normally preordered space is a fuzzy normally
preordered space.

Proof; straightforward.

Remark 6.1 1In the case of the discrete order, proposition 6.2 reduces to the result of

{6 proposition 24},
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Definition 6.2 A fuzzy completely normally preordered space which is also SFT, -

preordered space is called a FTs-preordered space.

We omit the proof of the following two easily established.
Proposition 6.3 A FT s-preordered space is a FT-preordered space.
Lemma 6.1 A FT-preordered space is not productive.

7- Fuzzy perfectly normal ordered and FT,, ,-ordered spaces

Definition 7.1 A fuzzy topological preordered space (X,<,7) is said 0 be fuzzy
perfectly normally preordered space if, for every decreasing (resp. increasing) r-closed
fuzzy set p and a decreasing (resp. increasing) 7-open fuzzy set h with u<), there
exists on order-preserving fuzzy continuous function f:X—->{o0,1){L)such that, for
each xeX,

p(x)=1-f(x)(0+)s 1-f(x)(1-) =\(x)

If the preorder of the fuzzy perfectly normally preordered space (X,s,7)is an
order, then (X, s,7)is called a fuzzy perfectly normatly ordered space.
Proposttion 7.1 A fuzzy perfectly normally preordered space is a fuzzy completely

normalloy preordered space.

Proof: Let (X, <, 7) be a fuzzy perfectly normally preordered space and let . A be

decreasing fuzzy sets with D{u)sA and u<1-D(1-A) Then for a decreasing 7-closed

fuzzy set D(u) and a decreasing 7-open fuzzy set (1-I{1-1)), there exists an order-

preserving fuzzy continuous function f:X —~--> [0,1], such that, for each xeX,.
D(u)(X)=1-f(x)(0+) s 1-f(x)}(1-) = 1-K(1-A)(x).
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Since f(x) is decreasing, we have.
fix)(1-)= £ +/2)<fx)(1-12)sf(x)o+)
Thus

D(u)(X)s 1-FX)(1-/2) = 1-6X)(1 +/2) = 1-H(1-A)(X)

Since 1-f(X)(1+/2)=1R,,, {fx)}

= fI{1R,)}
and
1-H(X)(14/2) = Ly, f(X)
=YL}

whenever 1-R;;, and L, are, respectively, decreasing closed and open fuzzy sets, and
so £1(1-R; ;) and £'(L, ). Thus
D(u) =Ly st (1R 1) =[1-I(1-0)]
and it follows that.
psD() =1L, ;) <FIIR ) =[1-11-N)=A
Then (X,=,7)is a fuzzy completely normally preordered space.

Definition 7.2 A fuzzy perfectly normally preordered space which is also SFT-

preordered space is called a FT,-preordered space.

Proposition 7.2 A FT,,,-preordered space is FTs-preordered space.

Proof: Straightforward
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