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ABSTRACT

The aim of this paper is to define the notion of compactness and
local compactness in the area of fuzzy topological and order
structures. Also, we study some of their, respective, propetties
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1- INTRODUCTION

In this paper we introduce and study the notions of compactness and iocal
compactness in a fuzzy topological ordered spaces. Section 2 contains somc
preliminaries. Ih Section 3 we define the' strong closeness of a preorder(resp.
order) relation on a fuzzy topological preordered (resp. ordered) spaces. Also, w2
study the relationship between it and Katsaras's ones{7]. Section 4 is devoted to
define and study the noticns of compactness in fuzzy topological ordered space. 1n
section 5 we introduce and study the notions of local compactness in fuzzy

topolog:cal ordered spaces.
2- PRELIMINARIES

The standard basic fuzzy set theoretical and fuzzy topological concepts,
used in this paper, can be found in Chang [2], Christoph [3], Guojun [5], Huton
[6], Lowen [8,9,10]. However we recall the following:

DEFINITION 2.1.[4] A fuzzy topological preordered space (X, <,T) is said to
be strongly fuzzy Housdorff topological (SFTz—) preordered iff, for each pair
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of fuzzy point p,q with p < q (resp. p 2 q ) in a preordered set (X,<), there
exist an increasing (resp. decreasing) T — open fuzzy set 4 containing p and a

decreasing (resp. increasing) ‘C—open‘fuzzy set A containing q such that
LAA=0,

PROPOSITION 2.1 {4] Let f be an order-preserving fuzzy continuous tunction
from atuzzy topological preordered space (X, £_,7) tvan SFT —prevrdered

space (Y, < .v). Then (X,S2 ,T) is an SFT, ~preordered space.

PROPOSITION 2.2 {4] The one-to one open an order-preserving fuzzy
continuous function f carrics an SI:'I'2 — preordered space to another

SFT2 — preordered space .

PROPOSITION 2.3 [4] A preordered fuzzy subspace of an SF'I'2 — preorderer

space is again an SFT2 —preordered space.

PROPOSITION 2.4 [4] Let {(Xa , '<'a , ‘ca ):o €d} be an indexed family of
SFT2 —preordered spaces. Then, their product fuzzy topological preordered
space (X,<,T)isan SPT2 —preordered space.

Throughout this paper we will be concerned with Hutton's compactness
(6], mamely:a fuzzy topological space is said Lo be compact if every open cover
of aclosed fuzzy set has a finite subcover, Hence the constructed compact fuzzy
topological preordered (resp. ordered) space reduces to the Hutton's compact
fuzzy topological space when its preorder (resp. order) is the discrete order.

3- CLOSED ORDER RELATIONS
In [7] Katsaras showed that the preorder relation in a fuzzy topological
preordered space (X,<,T) is closed iff, the following condition holds : Gived a

pair of points X,y € X with X £ y (resp. x 2 y), there exist neighbourhoods p
and A of x and y, respectively, such that i(pn) A d{A) =0 {resp.
d() Ai(A) =0}.
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_ Our task in the sequel is to define the closeness of the order relationin a
so effective case and we call it a strongly closed order relation.

DEFINITION 3.1. A preorder < of a fuzzy topological preordered space
(X,<.1) is called a strongly closed iff, one of the following two equivalent

condition holds;

B (X,s,7)isan SFT2 —preordered space.

(i) The graph G(<) of such preorder is fuzzy closed in X x X.

To justify our usage of the words " strongly closed" we give the following
Lemma ;

LEMMA 3.1. Strong closeness of a preorder relation, in a fuzzy topological

preordered space, implies Katsaras's closeness.

PROOF: Fix a pair x,y of points in a fuzzy wopological preordered space (X, <, 1)
and consider the fuzzy points ux and ;LV with ux < uv. Strong closeness of the

preorder < implies that Eby Definition 2.1) there is an increasing open T-fuzzy set
L containing the fuzzy point ux and a decreasing T -open fuzzy set A containing

the fuzzy point uy such that LAA=0.Since p =i(n) and A = d(A), wehave

i) AdA) =0 for an increasing neighbourhood P of x and adecrcasing

‘neighbiuchood A of y, then < s closed.

But to show that the converse 1s not true, we give'the following Example:

EXAMPLE 3.1. Let X = {x,y}, x £ y (resp. y < x) and consider the fuzzy
points {px , uy }.Let T be the fuzzy topology on a preordered set (X,=s

generated by :
{in o Uie X —0.0) )

where 0. is the constant fuzzy set. Then the preorder of such fuzzy topological
preordered space (X, <, 7T) is closed not strongly closed.
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4- COMPACT FUZZY TOPOLOGICAL ORDERED SPACES
A compact fuzzy topological preordered (resp. ordered) space is defined as

a compact fuzzy topological space equipped with a strongly closed preorder (resp.
order) relation on it.

PROPOSITION 4.1. Let f be a one-to-one open and order-preserving (uzzy
conunuous function of a compact fuzzy topological preordered space
(X,<,7) onto  a fiuzzy topological preordered space (Y,<,V). rhen
1Y, <, V) is compact.

PROOF : By Proposition 2.2, the preorder £ of (Y,<,Vv) isstrongly
closed. Let W bea v —closed fuzzy set with B < T as an open cover of
ie, B <sup{v:v e B} Then;

f_l(u) < sup{f_l(v) :v € B)

{n view of the function f, f _I(B) is an open cover of T ~closed fuzzy set
— -1
f 1(u). But (X,<,T) is compact, then each opencoverof £ (l) hasa

linite subcover, say,

(7 )T v T )

2

-1
However, since f isonto, then f {f ~(B)}=B and

-1 -1 -1 _
FAE (v f (v v Il =vv, v

2 2

i.c., the open cover B of W has a finite subcover and, hence (Y,<,v) is

compact.

PROPOSITION 4.2. Any closed preordered fuzzy subspace of a compact fuzzy
topological preordered space is compact.

PROOF: Let (A = A T A ) be a closed preordered fuzzy subspace of a compact

fuzzy topological preordered space (X,<,T) andlet it bea T,k — closed fuzzy

A
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set with B ¢ T as an open cover. It follows that it is T—closed and there exist a

T—open family B  such that B= B'/A It is clear that B  is an cover of |l

in (X, <, 1), such open cover has a finite subcover, say,

Then it is clear that

{vI/x@, vzué,---,vn /4)

is a finite subcover of | in (RS'LSA,‘C A).By Proposition 2.3, it follows that

the induced preorder < is strongly closed and hence (ﬂ .S A TA ) is compact.

A
PROPOSITION 4.3, Let {(Xa,éa,‘ta): a=1,2,---,n}  beafinite
family of compact fuzzy topological preordered spaces. Then the product fuzzy
topological preordered space (X, <, 1) is, also, compact.

PROOF: Let {( Xa ,Sa ,‘ca) : o=L2,---,n} bea finite family of compact

fuzzy topological preordered spaces and let (X, <, T) be their, respective, product
E

fuzzy topological preordered space. In view of Proposition 2., the preorder < is

strongly closed. Let A be any T—closed fuzzy set with B in ;

{PI'(v,):v, et,, a=12---,n}

as an open cover i.e.,

A <sup{v:veB)

Then

P, (A) < sup{p:P;'(n) e B},
we choose

B, ={u, €7, :P'(n,)eB}
Then

P,(A)<sup{n,€1,:1, €B, and P;'(u_ )e B},
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with the projection mappings P_: X —— X _ it follows that the fuzzy set P_(A)
is T, closed. Since {(Xa,sa,‘ra): o =1,2,.--,n } are compact fuzzy

topotogical preordered spaces, then each open cover B‘1 of P (A) has a finite

subcover, say,
(h,.H, .0 }CB

i.e, the open cover B of A has a finite subcover, Hernce, the product fuzzy

topological nreordered space (X, S, 7) is compact.

5. LOCALLY COMPACT FUZZY TOPOLOGICAL ORDERED SPACES.

A fuzzy topological space (X,7) islocally compact {3)if, for each fuzzy
point p in X, there exists a compact T —open fuzzy set U and a T —open fuzzy set
A such that up <AL

A locally compact fuzzy topological preordered (resp. ordered) spacc is
defined as a locaily compact fuzzy topological space equipped with a strongly closed

preorder (resp. order) relation < on it

PROPOSITION 5.1. Let f be aone-to-one open and oorder-preserving fuzzy
continuous functicn of a locally compact fuzzy topological preordered space
(X,<,1) onto afuzzy topological preordered space (Y,<,V). Then (Y,<,v)

is locally conpact.

PROOF : Since (X, <,7T) has a strongly closed preorder <, as we have shown

in Proposition 3.1 (Y,<,v) has a strongly closed preorder. Let q be a fuzzy
point Y with support xq and value 0 <t <l. Define a fuzzy point p in X by

H o (x)=
0 otherwise

where xp et™ [xq },xp is the support of the fuzzy point p. Then f(p) = q. By

assumption, there is a compact T —open fuzzy set A and a T —open fuzzy set v
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such that j.ip < A < V. Now the fuzzy point q belongs to f (X )and the fuzzy sets
f(X) and f(v)are V—openfuzzy sets with uq <f(AM)<f(v).Let BV be

an open cover of f(A) ie.,
f(A) <sup{c:ceB),

then 118 casily shown that
-1
A<sup{f (o):0eB},

o -1 . . .
ie. the ramily B ={f (o):c e B} isanopencover of 2. But A is compact,
Q
then B has a finite subcover, say,
[+)

1

-1 - -1
(£ (o7 (6,008 (0))

Since the function f is onto, then it is easily to see that ;

-1 ~1 -1
fif (ql),f_(o‘z),..-,f (('sn)}-csl,(:fz,...,O‘n

i.c., the cpencover B has £(A) a finite subcover and hence, (Y,<,V) is locally

compact.

THEOREM 5.1, Let {(Xa,sa,'l:a): o=1,2,---,n}be a finite family of

locally compact fuzzy topological preordered spaces. Then the product fuzzy
topological preordered space (X,<,T) is, also, locally compact.

PROOF : The preorder of the product fuzzy topological preordered space (X, <, 1)

in view of Proposition 3.3, is strongly closed. Let r be a fuzzy point in
X=J] X and let tr_ =P (r). By assumption, there is a compact T —open
aed © o o vd

fuzzy set la and a Ta —open fuzzy set K, such that ;

o <A<u
I'a o

The fuzz ets.v—i:f{P_l( )} do‘*h?f{P_l(l )}are’t—o n
Y S T a=1t o Ho 'l an T o=t o pe
n

. . . -1 . .
and the fuzzy point r = inf I{Pa (rOL )} satisfies the following
) o

u <osv
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Now, the aim is to show that G is compact fuzzy set. For this purpose we let

-1
B= {Pa (vm).vOE e’ra,a— 1,2,...,n}

L | .
to be an open cover of a T —open fuzzy set ¢ = mfl{Pa (la)} ie.,
o=

c<sup{v:veB}

Then

P_(0) Ssup{ua:l’;l(ua) e B}
we choose the family

B = {uOL €1 :P;l(ua)e B}
Then it follows that |

Pa(c) < sup{|.t(lL €T KU, € Ba}
n .
Since Pa(c) = énfl{la }is compact, then the opep cover has a finite subcover,
say,
{I-L1 a!-lza---,l-ln} c ch

Then, it follows that

-1
L (L L e R = 3

\|

and

a
inf {P "(p )} < B,
a: o

] «

n

. . -1 .

i.e., the open cover of 0= mfl{Pa (ua)}has a finite subcover. Therg is
o=

compact and hence, the product fuzzy topological preordered space (X, <.1} is
locally compact.
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