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ON THE GENERALIZED LINEAR SEARCH PROBLEM
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ABSTRACT

A target is located on a straight line,
its position is given by the random variable
XO, which has distribution function F, we start

searching from some point on the line following

a path 0(t). In this paper conditions under

which we can minimize the expected time of finding
the target will be given and we find the optimal
path which minimizes expected value in some special
cases of F.

I- INTRODUCTION

Let Xo be the position of a randomly located target on
the real line. It is assumed that the expectation of X0 is
finite. A searcher starts from any point a,s [aol < 00), on
the real line to detect the target. He moves continuously
along the line in boyh directicns of the scarching point a,-
If a, is equal to zero we obtain the sc called linear search
problem. But if a, is not equal to zero the problem is calied

generalized linear search problem.

L I tUm i .—-
Let {aij if Z be a sequence of real numberswith a9i41 >

2i —» © where c and d are defined as fellows:

¢ = inf it : F(t) > O.}, d = sup it, F(t) < 1& ., and Z is

and a

the set of integers
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We consider the following cases according to the position

of the searcher at the begining of the search.

Case (0) In this case we have

i é a, é a2 é ao =0 é a1 é a3 é w
Case (1) This case consists of all search paths such that

. é a4 g'a é a -é o é a1 é a3 & 5 o

2 o)
Case (2) In this case we have

- é a4

Case (3) Let I be a finite and nonempty set of odd numbers.

é a2 g o) § ao é a1 g a3 g .o

for jgI we have:

1PN

<

[N
8]
[N

0 & By § aj_1 a2 a1 é <% g

A

<a, oK

Case (4) In this case we consider I to be a finite and nonempty

set of even numbers. For j¢I we have

([N

17N

8 é aj+4 < aj+2 é 0 é aj é aj—Zg PR é a2 é a é a1

Denote by @k, k=0,1,2,3,4, the class of search plans in

43
case k. If k=0 we obtain the linear search problem.

The total distance travelled from the starting point
to the target position is a random variable, if the searcher's
speed is equal to 1 then this total distance is equal to the
time of finding the target. Let'kam) be the time of finding
the target in the case k, where | is a search plan which is
defind by a sequence {aig P67 andHJE@k. Denote by E[‘tk(lp) ]

the expected value of the time of finding the target. We aim to

aj_2 RN NS aj+2 < aj+4§ e

L
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find w*e@k which makes Eftk(‘{»’)] minimum, that is
(1) BT, p®] < BT, 9], Ny e g,

we call \y* optimal search path.

Necessary conditions under which the search path is optimal and
optimal paths for certain distributions have been found in the
linear search problem see i[l], [3], [4], [5] and [6] g.

In the generalized linear search problem some conditions unde’
which the expected time of finding the target is minimum would
be found for certain distributions see ({2]). Here we find
conditions for optimality for any distribution and the optimal

paths will be find in some special cases of F.

II- Search models and conditions of optimality '
LetY = {ai} Y be a search plan, where‘VG@k k=0,1,2,3,4

the expected value of the time of finding the target can be

calculated, it is given by: (see [1] and (2])

(2) ELT (Y] = E x| + D () where

o
3 D) =2 T Jay (1Y Lagy 0 apy D) +
+lay| [1 _y[ZZi’ 321-1])-}
(4) DI(‘-V) = A+ \aol + 22{:% azi_l(l—l'[aZi_z,aZi_l]) +[a2i,
(1_)/[321,321_1])}
| o m
(5) Dz((‘.}l) =A- ';aol +2 fZ=1 \.LaZi_l(l—)/ [aZi—Z’aZi—ln +\32i(.

( l‘))r azl 5821_1_!)3
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&) Ry~ A laoi - 2 ajlél -7~J[ao'8j1§+
(_i-1)/2
+ Z ( ‘321, - lazl_ll )il—y[ao,aj]}_*.

i=1

oS
3 Jay (-Play 5 ey D ¢

i=j+1

+ ‘aZil (1-2 [321’321—1])}
(1) W)= A - Jal -2]a ]V a) ¢

i’z .
+ 2 Z c‘aZi—l‘ - lazi] )gl—y(al,ao)}+

- i=]
o 1%1 Bagi 10 1Y Laps 0 2p50 1) Mgyl (1 Hayg o o
where:
<3 an
A = éy Ixl dF(x) , if X 1is continuous random
variable,
"—2:E|xl f(x), if X is discrete random variable,

f(x) is the probability
distribution of X
and M is a measure of probability induced by the random variable

X,V (x,y) = F(y) - F(x), Y (c,d) = 1.

For any v,z €R we define the function g(y,z) as follows:

g(y,z) = 2%£¥4$l ' where R is the set of real numbers.

. i WV b \
Theorem 2.1: Let ¥ be a search plan, ¥ = gai}ié 7 Wéﬁ)k,

k=0,1,2,3,4 then the neecessary condition which makegﬁ)optimal is:
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(8) lay; 1> 8p541) > 8lagypneays) > 8lay; s ay5,4)

Proof: We give the proof only in one case, say k=2, the
proof for the other cases can easily be given in the same
way. Letqﬁf@?, the expected time of finding the target in

this case be given by equation (5)
O )
s 4 _ ; H _ -1
D, (W) = A= Ta| + 2Zi=1 oy 1 (1= Tay; g2y, 1) +

a.. | Y 1
+ 1d2i\ (1- Y | 821,821_1;)} .
we define other search plan qﬂ € @2 which is defined by

-

the sequence Za. J... .
TREEEE O J4€7, 1 > o such that:

28 -1

<.

(9) a; Z
Fi42 iy 2f

we assume that¥ is optimal search plan and condition

'S :
ta. i
b

g(a7? _1° 2o +1) < g(age 427 89 ) is satisfied. By substrac-

ting D,(p ) - D, (") we get
Dy (¥) - D,(Y") = :zg‘;azzm—if [agg g 4D +leny ol 1V Tap ey 1)+
+tayp nVlagayy 4D - 20 49} Y [agp pia9p —1]}
- 22 layp|1-¥ laypra,p 3 1FVTagp 10 agp 1 +Vagp 1. agp 1) +

* 1822+ A (Plagp 11295 41 -2 (295 491899 31 ayp juagp, I

toagp, (02T 2y ayp 115 [a) 40 3yp1 +VTayp +2’a20])}
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= 2§ Jap) 1-Ulaggiayy 14V T2y g 1)

- 'a:z? alPlegg s 2t 20 1 (FPlagg o0 p 4]
RAUTIRCYAY

= 2§ | a,pf 1V Tay g, 200 D +V(agp 11290 110 | 299 ~fagp o]0+
+ayp g (17V0a) 5 n'a0p 1) + 29 gVT2r9 0", 20!

—ay g X1 ogpoiane) tagp_1V1egp 1, %0

(a ! a - - . ! O p
’ 25” (20 10y 200 P00~ 30" Y op 1,200 417 P0p 00 25

V@ Ve 1% 0)
2 a -a Lap-a AE === - - S 1
20 41 217—1] 207 %20 42 200~ P90 1 29041 " %0

= ) _ 1 i 1 _

= 2layp g~ ayp_ 11 (oo Aoy o) L8@yp )2 — 8(egp 15290400
> 0

i.e. Dz(q)) 2 Dz(\p') which con’ rndicte that vy is optimal search plan.

The proof is complete.

III - Optimal search paths for some distributions

Theorem 3.1 : Let f(x) be the density function of Xo' If f(x)

is monotonic increasing in the interval [ao,d] and monotonic

decreasing in the interval [c,ao] , then the optimal search

plan of any case consists of two end points.

Proof: We prove this theorem when k=2 (or in the case 2).

Let a search plan consists of Zc,az,ao,al,d} . From necessary

condition of optimality we obtain
p(a,e) 5 Ylapd)

1 - a, d - a;

, then
a
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F(al) - F(ao) F(d) - F(a))
(10) > '

a1 - aO d - al

From (10) we get:

(11) f(%} > f(gg , a< By <ap, ap< 8, < d,

where f 1is the density function of the position of the
target, this contradicts the assumption of our theorem.

We can conclude that a; must be equal to d also the optimal
search plan consists of the two end points, the other cases
can be proved by the same manner.

Lemma: If f(x) is a functﬂon decreasing ( or 1ncre331ng) on

the interval [c,d], -w( c <0< d < jf(x)dx = 1 then:

y
y - a
aff(x)dx < ————f—g‘ if y2 aj if f(x) is decreasing.
o Ty +]c B
0 - % et
f(x)dx < if y< a if f(x) is increasing
|y |+ d

Proof: Let f(x) is a decreasing function on [c,d]

J a ’ d
a’/. f(x)dx = 1 - J‘O f(x)dx —-Jf f(x)dx
o) y

c
a
< 1- sPExdx ¢ 1 - f(a)(a, - o).

C s

But jy f(x)dx ¢ f(ao)(y - ao) if y > ao(y =a is trivial)
%
1 v a, y

f(ao) > J  f(x) dx then f f(x)dx < 1 - £(x)dx

i a ao
y aO O
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y—a,

v+ el

( by similar manner we can prove the other cases).

y
J e ¢
(o}

Theorem 3.2 : Suppose that the position of the target has a
density function f(x) which is monotonic on the interval [c,d],
then the optimal search plan, in all cases, (k = 0,1,2,3,4),

is %c,d} if f(x) is decreasing function,and gd,c} if f(x) is
increasing function: '

Proof: Consider f(x) as a decreasing function ( the case of
increasing function is similar), We shall give the proof

only in one case, say k = 2. The optimal search plan consists
of at most 3 points. In order to prove this take for example

a search plan\V1= {81'82’ d,c} we can obtain g(al,d) < g(c,az)
which contradicts the condition (8) for i = 1. Suppose a search
plany which is defined by gy,c,d} ,y ¥ } a, and other search
plan(y' = {c,d} we obtain:

BT, (4)] = B 1| + A= Jaf + 20y (e + | clf1V (eyi})
=Elxf +a-Ja ) + 20y - e ,y) + | cj¥(a,,d)-
S G PACES )
=EIxl + 8- la] + 20y -Yia )0y + |c] )+
+ ‘c‘lJ(ao,d)1
(y- ‘
>ENY s a-je |+ 2y - I2) (vl +1d)+

y+]c

+ icl))(ao,d)]
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E(¥) + A= la |+ 20 aj + ||V (a,,d)]

v

Efx)+4-Jal + 20 | cf Y (a,,d)]

BT, () ]

the proof is complete.
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