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ABSTRACT

In this paper we define two topologies T
and Uon a set X to be D-equivalent iff the
class of nowhere dense subsets of X with
respect tog is precisely the class of nowhere
dense with respect to k. Equivalence in the
sense of Levine [7] and D-equivalence are
caoncxded for topologies with the same classes
of scri-open sets. Some characterizations and
nroperties of D-equivalent topologies are
obtained. We investigate the D-equivalence
of a topology T and some of its contractions
(expansions). Also D-equivalent topologies
which have the same %-sets and the same regular
open sets are investigates.

1- INTRODUCTION

Throughout the present paper T and ‘U are two topologies
on a set X on which no separation axioms are assumed unless
explicit}y sFated. c%' (resp. intL ) and cluﬁresp. in;u) denote
closure (resp. interior) operators with respect togand fU-.In ,
{137, [10], {9],«-open, preopen and semiopen sets were
introduced respectively.=0(X,gz ) (resp. PO(X,T), SO(X,T )] 1s
the coresponding classes of these types of sets. The complements
of the last sets are X-closed, preclosed (denoted by PCiX,Z))

and semiclosed, respectively. The class of ¢ ~open forme a

Key Words and Phrases. nowhere dense, dense, x—open, and eeriiopen sets, |
semi-T! € O-RS-compact, filter extension. :
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topology denoted by f‘[lB]. The class of all regular open

sets (denoted by RO(X,Z }) is a base for a topology zé called
the semiregularization of T{15]. If ' is a topology on X,

and RO(X,T ) = RO(X, ¢'), then ' is ro-equivalent to ¢[5].

A topolegy Ton X is a D-topology [8] if -every non-empty open
set is dense in X. A space X is called X-compact [11] if

every X-open cover of X has a finite subcover. X is semi-Té

[1} if for each x,y X, x # y, there exist U and V SO(X;T)
such that xe U, yeV, and cl(U)Ncl (V) = ®.A subset S of

X is called an RS-compact relative to X [14] if for every

cover §'Vi::ie I} of S by regular closed sets of X, there
exists a finite subset Io of T such that Sc:Uﬁht(Vi): ieﬁ&j.
If R" (7)) =1UE"C: X - U 1is RS-compact relative to‘d’, then
R'(T ) is a base for a topology R(*) on X, called the
CO-RS-compact topology on X {2]. (X,TT) is resolvable [6], if
there is a subset D of X such that D and X-D are both dense

in X. A space X is irresolvable if it is not resolvable. If

F is a filter on X, then the topology T (¥) =$UNF: Ueg, FG}J
is called a filter extension of r.[3]. In [7] the concept of
equivalence in the sense of Levine have been introduced as
follows "Let 7 and W be two topologies on a set X, we say
that 7 and P are equivalent iff (X,7¢) and (X,W) have identical
dense sets.” One easily can deduce that the complement of a
nowhere dense subset (denoted bv nwd) is dense, and the converse

is not true, in general as shown by the following example.

Example 1.1. Let X= ia,b,c} . and'(=2¢.x. iaf . Eb,cﬁ,
then we notice that Ea,hf and&a,cf are dense sets but their

complements are not nowhere dense sets.
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Lerma 1.1. (a) If 4 is dense and onen.suhset_of a.space .
then (X-4) is novhere dense
(b) Tf A< B<X , and A is dense, then B is dense.
(¢) Tf Ac BeX, and B is nowhere dense, then 4 is alsc nowhere

dense,
Proof. Obvious.

2. D-EQUIVALENT TOPOLOGIES
Definition 2.1 Let 7 and L be two topologies on a set X,
we say that? and W are D-equivalent iff (X, T) and (X,Y) have

identical nowhere dense sets.

Remark 2.1: The class of equivalent topologies in the sense
of Levine are proper subclass of the class of D-equivalent
topologies. The following example ensures that they are not
identical.

Example 2.1. Let X & ia,b,c,d} andT = EX,@, {aj , ib} .
&a,bi , ib,c;d}} , and 1L = iX,@, ia,pi s Ea,b,df , Ea,b,c}} .
We notice that¢ and W are D-equivalent but not equivalent in
the sense of Levine.

In the following we give characterizations and properties
of D—equivalent topologies.

Theorem. 2.1. If7 and % are two topologies on X. Then
the following are equivalent:
i)YTand I are D-equivalent topolegics.

ii) For each A&(CNY, intuc‘fL Ac ctluA, and int‘t cluAC C:'L'C.' A.
iii) For each Aernly A is dense in 7 iff A is dense in k.

v
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Proof. (i) = (ii) We assume that int‘t cluAC}E C]i: A, then
P ing cl A N(X-clA)= int {1 AN (X-A))eintcl (l AN(K-K).
Hence (cluAr\(X—A)) is not nowhere dense inT, and § ¢
intuclu(cluAf] X-)) e intu(cluA N clu(X-A)) = intucluA N
intuclu(X—A)c_ cluA N (X-cluA) =@. This is a contradiction.

(i1) =>p(iii) Let A€ZNY, A is dense inT, then z'Lnt:uc}t A=
XCCIUA. Hence A is dense in 1L

(iii) S»(i) Let A be a nowhere dense in<., then (X- c}CA)
is dense and open in . Hence (X - ¢l A) is dense and open

T
in W Thus cl,_C A is nowhere dense inU, and A is nowhere dense

in kL,
Corollary 2.2. If ¢ and U are D-equivalent then, int cl A
T
ccl A (resp. int ¢l A< cl A), for each Aeg (resp. Ae¢ W)
u T u ra

COROLLARY 2.3. 7 and U are D-equivalent topologies on X iff
for each AC X, int, <:]..C A iff int cl A 4 ¢.

THEOREM 2.4. If gand W are D-equivalent topologies on X,
then each proper ¢ -preclosed (resp. Y-preclosed) subset contains
a proper ‘M-open (resp. ¢ -open) subset.

Proof. Let @ # U¢ PC(X,Z ), then (X-U) is preopen in
(X, ¢ ), and hence is not nowhere dense in (X, 7). Thus it is
not nowhere dense in (X,W), and P + intuclu(x-—U)c clu(X—l?) =

X - int U. Hence int U F+P, andP # inr Uct.
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Lemma 2.5. Tupologies which have the same & -open sets
are D-equivalent,

Proof. By Proposition (5) in [13], the proof is obvious.

Lemma 2.6 If X is a space with two topologiesg, ¢’ such
thatrcz':cz". Theny , -(_—' and -E"are D-equivalent.

Proof. By Proposition (10) in [13] and Lemma (2.5),
the proof is obvious.

Lemma 2.7 If (X,T7.) is a space, and (X,R(T )) is a semi-

Té. such that int:.c G= int G for each G&'C“. Then R(¥)

R(z)
and Tare D-equivalent.

Proof. By Lemma (3.4) in [2], and Lemma (2.5), the proof
is obvious

Theorem 2.8 . Ifzey such thaty, t' are D-equivalent,

oy
and ' ise{-compact space. Then

(a) Z.'qC. '(;,'.q Mz, t"‘, and '[?‘éreo(—compact.
Proof. (a) Let Ae‘cq, then A = U - N [13] where UET,
and N is nowhere dense in 7 . Butgey', and T t' are
D-equivalent, then U€ 'C:. and N is nowhere dense in -C'.
Thus 4Ag 'C'q.

{b) By {a}, the proof is obvious.
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Theorem 2.9. A topology 70 on X is a D-topology iff the
complement of any cpen get is nowhere dense in X.

froot. Let @ # Ae, then intz_ cl_c (X-4) =@, and
Cl'C A = X. Thus (X,T) is a D :opology. Conversely we assume
that (X,% ) is a D-topology, and ¢ # A&7 , then ClEA = X.
Hence intz: clt (X-A) = 9.

Corollary 2.10 A topology T on X is a D-topology iff
every non empty closed set is nowhere dense in X.

3. SUBSPACES AND SOME OTHER PROPERTIES

Lemma 3.1, If A is a subspace of (X, ), and S is nowhere
dense in A, then S is nowhere dense in X.

Proof. Let S be not nowhere dense ing, then int:C c]__.CS #O
and hence there exists ¢ 3 G&Usuch that P 3 Ge Cl‘t S. Thus
P sGnacan cl S = cl;s, and@ 4 int, (GAA)C int,cl,S =,
This is a contradiction.

Lemma 3.2. If YT, and A is nowhere dense in (X, 7 ),
then A is nowhere dense in (Y,'CY).

Proof. Let U€E€C, ,then U= YN O, Oezr. But YN 0€T.
then there exists Cgf such that 0'C Y 0, and A N 0" =@, But
Y ﬂO'E-tY'Hence AN(YNO')=( and A is nowhere dense in (Y,'C_Y).
Theorem 3.3, Tf Y is an open subspace of (X, ). Then T

is D-equivalent with t'y,
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Proof. By using Lemmas (3.1}, (3.2},

Theorem 3.4 [4] A subsot A is novhere dense in (X, 700, i
itf for each We&T, there exists U< W, Ugrsach that U MA _d;

Remark. 3.1. It is easy to prove that Theorem {3.4) still
valid on replacing the word open by semi-open.

For space (X, ) we give the following properties for
the class. S(t) =§_'f : *-C' is a topology on X with SO(X, "C‘) .
S04, T )5 -

Theorem 3.5, 1f (X,T ) is a space, thenT and all members
of S(7°) are D-equivalent.

Proof. By Remark (3.1), the proof is obvious.

Theorem 3.6 [4] A subset A of a space (X, ) is dense iff
ANU +@ for each UeT- }_Cp} .

Remark 3.2. Tt is easy to prove that Theorem (3.6) still
valid on replacing the word open by semi-open.

Theorem 3.7. If (X ,7’) is a space, theny and all members
of S(z") are equivalent in the sense of Levine. |

Proof. By Remark (3.2) , the Proof is obvious.

Theorem 3.8. If (X ,T) is a space, then and all members
of S(7) are D-equivalent iff they are equivalent in the sense

of Levine.
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Proof. By Theorems (3.5) and (3.7), the prool is obvious

Theorem 3.9. I3] If (X, ) is an irresolvable spuace , T (F)
is a filter extension of ¢ by a filterJon X and Fe SO(X,¢ ),
for every FEJ, then SO(X,T) = SO(X, 1 (F) ).

Theorem 3.10. If (X, ) is an irresolvable space, T (F )
is a filter extension of T by a filter Fon X and Fe SO(X, 7. ),
for every ’Fé?, then T and ¢ (3) are D-equivalent.

Proof. By Theorem (3.9), and Remark (3.1), the proof is
~ obvious.

Lemma 3.11. 1f ey’ are two topologieé on X such that
they are ro-equivalent. Then the class of all nowhere dense of

is contained in the class of all nowhere dense of 7'.

Proof. Lét A be a nowhere dense ing . Then® = int_C CIZ; A=
in%, CI'C A> in%; clt_.A.

The condition that ro-equivalent is necessary as the
following example showing.

Example 3.1 Let X =§a,b,c} ,t=2q5,x, ia}} and
z =30, %, §a}, j_b,c}} , Then RO (X,7.) =3, X[# RO (X, 7)=T’
and nowhere dense of T =Eib} , ip} , ﬁb,c}, qu . But nowhere
dense of 7' = ¢ |

Femark 3.3 Since Tg andz:are ro—-equivalent (5], then the

~lass of all nowhere dence of & . ) . .
class of al here dense of = ¢ contained in the closs of
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all nowhere dense of T and thus —CS
Theorem 3.12. If (¥,T) is a 'space such that ingc A= inLCSA
o a1
for each A&€T. Then 'CS,'C, and (are D-equivalent.
Proof. By [13], we haveCand 'Cqére D-equivalent. By
Remark 3.3, If A is a nowhere dense in Zs;’ then A is nowhere
dense in T
& ™
We want to prove thatT & ([ let Ag T, then Acint C]tint'tA
. S . E

= 1r11;t r:_lt 1:1{:1,:s A = 1ntcscl_c int -CS Ac'lntts c]_cslnt,cs A.
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