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ABSTRACT

This paper deals with the investigation
of the effect of anharmonic terms in a forced

vibrating system when the absorbed energy from
the external periodic force is maximum.

INTRODUCTION

It is known that an oscillating system under forced

vibration is governed by the equation

ce 2 /
X+ x +& x =pcoswt -
It is usual to use non-dimensional units , et for the

time ;g;- for the length , the above equation becomes
o

\

X

W

X+ X+ ok X = cos Wt (A =

) o+ (1)

The solution of this equation is well known

x = C cos(wt - € )
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v
€ = —- C = m———— (2)

The power absorbed is given by

P=< x cos wt >=1/2C wsiné€ (3)
and using the values of C(,w given by (1)
P = 1 =, - (4)
2 o + (—"":—‘ )

and this is maximum for

w = 1 | (5)

giving for the maximum average power absorbed for the ideal

oscillator

1 1
P=T_ | and C=—Fr (6)
It is now required to find the effect of adding an

anharmonic term to the oscillating system ,

_ ) . /
X +wx + ®x + ANx = pcos wt
@
P
Using the same untils as before, wt for the time
0 WD’

for the length , w2 obtain the equation in dimensionless

form
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X+ X+ ofX + Ax® = cos wt _ - (7)
: | dl |
where '\ = ’)‘—2-—6 ' X = .
W U'

It is found that for values of X ranging between O
and-'2x 10-8 the behaviour is the same as in the case
A= 0,i.e tﬁe oscillating system has a powerful power
absorption from the external field in resonance.
For higher values of \ although numerically very small has
a big effect on the oscillating system and its power

absorption at resonance as will be shown in the following.

Method of solution:

We now use the known approximate method to solve this
equation. Assume the solution to given in terms of four

paramaters
/
x = Ccos (Wt ~-€) +C' cos (Bwt - € ) (8)

Substituting this solution in Eq. (7), we get

§+ X4+X + }xz - COS W t

E (t)

(-1+(1-w )C cos € +xwW(C sin € + %—'}\ (C43CC'*) cose€ +

3) C* C' cos (-2€+€' )] cos wt + [(1-w)C sing -
4

- oW COSE+Z—A( c’ + 2(.:(:tn ) sin € +
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Q 1 2 ~ '
+ TZ_C C'sin ( ' - 2 ) ] sin r + [(1-9 ")C'cos ' +
+3 C'sin ' + —- Clcos 3+ %—(C”+ 2C°C') cos ' Jcos 3
+{(1-9 *) C" sin ' =3 C'cos '+ —z=C sin 3 +

+ EZ—(C"+ 2C°C') sin ' ] sin 3t +

+ QZ_[C’C' cos(2 +'")+CC""cos (2"' - )lcos 5 t+

[ C’C' sin (2€+e ) + CC'” sin (26 ~€ )]lsin Swt+

3:(" C'® cos(2e' +€)cos 7wt + —-"-\C C'’ sin (26' +c}sin Iwt
A 1% o5 3¢ cos wt +2C' sin 3¢ sim 9 9)
+2 cos 3¢ cos wt + 75 sin 3¢ sim9w t (

The values of C, C', € , €' are then obtained from the

condition that the following intergrallbe a minimum

J
F(CC',€,€) =2 jE (t) dt

1- %’—‘C’ C' cos (€ -2€)+(2AC’ C' (1-3w)

_i-_l§_ % C C'3+%5- N C5 C' ) cos (¢ - 3€)

~ 2aC gin € + (ot w + (1-w )* C’ 5 (1"W)C4

F2 R P4 (@93) +94 &) €7+ 6A(54 X7 C”
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3 4 45 % 45

+ 3= (1-94 ) ' Cet s 2N e +22 ¢ (10)

We first let C, C',€ fixed and the value of €' for which

F(C,C, €,¢'" ) is minimum, = can easily be shown
to be
% sin 2€ + C(6w —2— 5 'XC — Z\C': ) sin 3 € (11)
' ,
tang =3 15 A C'7) cos 3 ¢

3 2 1_5 .
5 COos 2¢ + Cb6w _2__8 AC - =

4

t

Substituting for ¢' from this equation into Eq. (10), we

cet a function Fl(C , C',& ) of three parameters C,C', €

Fl(C,C',e) = -he' ¢ Vei(ew —2- 22 ac? - 2

+ '29," + 3C(6w -2- _é_?_)ci - Zlié AC'" ) cos g

-28W C sin€ -2(1-w + ?Cz + '§'§C

L
-
b

) C cos€ +
+ 1+ ((1-v) "4+ o w ) C + ((1-9w) 49 o’ w )C' '+

+ -315(1-\3 ) c“+—§- ) c® 6 A(1-5w ) C* C'’

3 4 45 4242 ¢

+ 5% (1-94)C" Tt 2N 2R e

(12)
the value of ¢, on fixing C , C' , which renders F, (C,C €)
& mimimum can to a great accuracy be obtained in the

tollowing way . Let € be given by
&
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o W
tan € = ———mmm—jmm/rm—m————]/— (13)
> 31 31 t 2
(1-w Z_C 5 C'")

This value clearly renders the second and third terms of Eq.
(12) minimum . The right € can then be to great accuracy
be given by

( L3

€=€_______.._.E_f_€.:_______. ' (14)

’ 3y F

(-—-:—)

o€ E=€,

We now to facilitate the expressions, use the following

definitions

(15)

('9_1?_1_ y = 3/27C'C * A sin€,
€ -_—
E'_e'. v A + 3A cos €4 + 9/4
F 2 AC' C* A cos &
ES 1 2 | -

) . _ =2C2Z +- =+
Y Yo" + 3A cos €4+

9 ' 2 2 . 2
Z AC' C* A? sin €,

N ) (16
( A" + 3A cos E°4+;2')3/2
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Now expanding Fl(C,C' ,€& ) in powers of ¢ -¢ and substit-
o
uting for ¢ given by Eq. (14) we get

' _ ' _ __E__‘__e_n__ 17
F,(C,C ) = Fl(C,C , € ) - 1/2 (17)

It will be found that the value of C' that renders F,(C,C)
a minimum is quite small , then we can expand the function
FZ(C,C') up to second power in C' . The value of C' that
renders F2(C,C') a minimum can then be easily found. The

expansion of FZ(C,C') can be expressed

F2(C,C') = 1+((1-u3 )? +of w)C+ -3-%(1—63 ) & +—g——);’ P -2 C Zo

9

- Crcl o + 3Ao COS Ggo + [(1"9“) 4'9&\34'6 k(l—Sw)C

éé)t Ca—3>.c COS GGO -— 9______1._(23__53'__-1.1___6___@_2____] C'2 (18)

+
° 16 (A;+3AOCOS€QQ+Z )ZD
where A. , Z. are as given by Eq. (15) on putting C'=0 and
. as given by Eq. (13), on putting C'=0

The value of C' that renders F2(C,C') a minimum (fixing C)

1s given by \r——-——-________________
ACTTA? + 380cos €oo + 9/4

o—
2[(1-93) 49 & S46M(1-56)C 2K C-3)C cos €0 -

- (19)
9>\CBA sin® € o0 1

16 7 (A? + 3A.cos € oo + 2 )

Substituting this value in Eq. (18), we finally find a
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function of only one parameter C
2 2 32 2 2_ 1 A
F3(C) = 1+[(1—w)+n(1w]C + 5 (1-w) C + 3 A C-2C4%

9

e (A +3Acos oot )

d 2 2 2 2 4 2 4
2 (198 ) + 96 + 63 (154 )C" + 22 X C-3C cos oo

el ——

-2_ AIC'J§2 . 25

16 7Z.(A5 + 3 Ao cOS €00t %

The value of C which renders F3 (C) aminimum can then
only be done numerically .

The value of « 1is chosen such that the average power
absorbed from the external force be maximum. The average

power absorbed is given by Eq. (3).

Numerical Procedure:.

The value of o{is given the numerical value
! = 0.002
as in the practical case of an ideal resonating system.

In such a case it is found that for A= 0 ,

- Jg_ | C = 500 , P =250 .

The values of )\ are then increased by small amounts
N= 10“9 , ... In each case a numerical computer program

is set to compute the value of C (for given w ) for which

Fo (C) given by Eq. (20) is minimum.



Delta J. Sci. 12 (1)1988
GAD, Nabila A. et al.

It may be note that in such a procedure there is always
two minima for the function FS(C) and one must be careful

to choose the value of C corresponding to least value of

F3 (C) (best solution).

The value of o 1is now changed until one finds the
requried resonant valie of W which renders the power

absorbed P a miximum.

The whole procedure is repeated for different values
of )\ and in each case the resonant value of v , and then
the corresponding solution values of C, C', € , €' and
the power P are computed . In table (1) the results of
these computations are illustrated. In Figures 1, 2, 3,
4, 5 are shown the behaviour of the variations of C,€ ,

C',¢ , P as functions of } .

Conclusion -

The results illustrated clearly show that as the value of
N is increased to the small numerical value A= 10"7

the power absorbed drops from the ideal value (A= 0) P =250

to the small value P = 47.18 . This means that for such

minute values of ) the oscillating system cannot be used

as a resonant system that can absorb a considerable power

from the external field. It is known that at resonance the

amplitude is very big and in such a case the effect of
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v . 3 .
anharmonic terms ( terms correspcnding to Ax  in the

eguation ) is important. This means that we must be very .

careful in practical application either in mechanical or

electrical resonating systems to choose the value of A

to be very small not exceeding

A= 2 x 10_8
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Figure Caption

Fig. 1 - Variation of the a mplitude C versus the

anharmonic parameter \ .

Fig. 2 - Variation of the phase difference & versus A .
Fig. 3 - Variation of the amplitude C' versus N\ .

Fig. 4 - Variation of the phase difference ¢ versus A.
Fig. 5 - Variation of the phase a bsorbed P versus \ .
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Table (1)

Delta J. Sc

: - T e P c’ c m..u 7
0 1 500 0 O 1.57070632 1.57154633 250

.—G@ 1.0002 493.94 O .00390415 1.5770674 1.552733096 249.2°9008
._am ~1,0C19 499.47 5.332 Aam. .0383735  1.5851953 1.52834893 24%.94t228

2 ﬁmmﬂ $1.0037 439.00 8.355 aam LOTT40T22 1.553033747 1.62483303 249.9217173 |

1 15  1.0c46 479.53 2.84392 &1 .10297596 1.2914T175 2.40951885 231.0016363
1 158  1.0052 452.11 4.97922 57 _115019419 1.135026635 2.8788541  205.461243 |

6 138  1.0062 410.43 9.566 107 42897854  .96T32467 2.90122551 169.4909475
157 | 0015 355.32 1.74041 10° 1393813 7941539 2.3817135  127.1940093
5 157  1.0133 215.79 7.35366 58 .15535804  .44936087 1.34733566 47.17914324
10° S 0169 172.49 1.2426 10°  .1582223  .3334825 10652345  30.267T15
3 ._a.m 1.0245 120.23 2 ..63804 ,_Gw . 15982502 24584953 13680395 14 B0OBYS554
55  1.0367 80.69 6.030194 '35 .159530741 .16501804 494312291 6.7479367

104 S o788 37.42  2.5783T 107 .154102104 07778687 23262771 1.5101236
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