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ABSTRACT

In 1981, Thron [2] has defined the
concept of a c-compact closure space. In
1983, Mashhour and Ghanim stated an
(equivalent) definition for this concept.
[1, Theorem 4.1] and used the new
definition to invistegate some properties
of these spaces. Unfortunately, some of
the results mentioned in [1] are
incorrect. In this paper we give the
correct version for compact <ciocsure
spaces. Also we study some weak forms of
compactness and give relations between
these weak forms and regular closure
spaces. Finally we give some relations
between the weak forms of compactness and
some type of continuocus functions.

l1.Preliminaries

In this section we collect, for sake of
references, the needed definitions and results
appeared in [1]. Also we give a corrected version
for Theorem 4.1 in [1].

Definition 1-1: Let X be set. A function c:
P(X)->P(X) is a Cech closure operator on X if it
satisfies the following three axioms:~

Cl: cl(¢)=¢

C2: c(A)>A

C3: c(AUB) =c(a)Uc(B)

The paire (¥,c) is said to be a closurc space.
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A set AcX is closed in (X,c), if A=c(A). It is open
if X\A is closed.
Definition 1.2 :- Let (X,c¢,) be closure

spaces. A function f:X—Y 1is said to be C-
continuous
(resp. C-homeomorphism) if £(c,{A)) e c,(£(A)) (resp.
tf is a bijection with f£{(c,(4))=c,(f(A)) for every
AcX.
Remark 1.1:-

1) If ¢ is a Cech closure operator on a set

X, then the family t(c}=lX\A:c(a)=a} is a

topology on X. But in general c{A)ccl(A),

where cl(A) is5 the t{(c)-closure of A.
2) If f: (X,¢,)~(Y,c;) is C-continuous
(resp. C~homeomorphism), then £: (X, v{c,) ) (¥, v {c,))

is continuous (resp. homeomorphism).

Definition 1.3 :- Let (X.,c) be a closure
space and let A be an arbitrary subset of X.
The function c,: P(A)~P(A), def ined by -

c,(BY=AMl1c(B) is a Cech closure
operator on A induced by c¢. The pair (A,c,)

is said to be a subspace of ( X,c). It is

closed (resp. open ) subspace if c(A)=4

(resp. c{X\A)=X\A).)
Definition 1.4 :Let J=l(X,,c.):te€T be a family

of pairwise disjaint closure spaces. If X=UX, then
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the Function Ue,: P(X)+P(X) definc by,
He () =Ue, (xfWR), is a Cech closure operator

on X.It is called the sum Cech closure
operator on X=UX,. The pair (X,IIC,) is called
sum closure space of $§.

Definition 1.5 :- Let $=l(X,, c.):iteT}) be a
family of closure spaces. Let X=IIX,_. and let
Ic,: P(X}~P(X), defined as follows:-

For AcX and xe€X,xellc,(A) if the following
condition is satisfied : A=3U...UA (A,cX)=> there
is 1 such that x.€c,(P.(A;}) for all t, where

P,:X-X, is the projection on the t-coordinate
closure space . Then [lc, is a Cech  closure

operator on X. It is called the product Cech

closure operator on X. The pair (X,He¢,) is called

the product closure space of §.

Remark 1.2 :— If the closure spaces are
topological spaces under their closure operators,
Definitions 1.2-1.5 are reduced to the
corresponding definitions in ordinary
topological spaces. In this case we say that
Definitions 1.2-1.5 are good extensions.

Definition 1.6 :— Let (X.c) be a closure

space. A family {Aj:jedﬁ of subsets of X is c-cover
of X if {Aj:jed!} covers X, where A'=X\c(X\A). A

closurc space ( X,c) is c—compact if cvery c-
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cover of X has a finite c-Subcover.
The following proposition is the corrected
version of Theorem 4.1 in [1].

Proposition 1.1:-A closure space (X,c) is c-
compact if and only if it satisfies the following
condition :- Given any family @ of subsets of
X such that the family (9 =lc(P) :Pe¥ has the
finitc intersection property (FIP, for short ), thenc(%)
has a non empty intersections.

proof :-To prove that the condition is
necessary, Let (X,c) be a c-compact closure space
and let@=lF,;:jed be a family of subsets of X such
that the family c(Q)=lc(F)):F;e@ has FIP.
Assume that mc(Fj)jEJ}=¢. Then {X\Fj:jEJ} is
a ¢—cover of X. Since X is c-compact, there is

finite c-subcover b@d%:jeJﬂ, i.e,
X=U(X\F;}*: jeg*}. This implies that
Mc(Fy) :jed*t=¢ ; a contradiction. To prove that

the condition is sufficient, let (X,c) be a
closure space with the given condition and lct
3,:jed be a c-cover For X. The family{c(X\Aj):jGJ}

has an cmpty intersection.Therefore, therc exists a
finite sub-family {C(X\Ad):jEJﬂ which has an cmpty
interscction. This means that Uy:jEJﬂ is a finite
c-subcover of {A;:jed

Remark 1.3 +— Every open cover for
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X(i.e.X=UAi,A1=A;) is a c—covecr and every c-cover

for X is a cover for X.

Definition 1{.7:~ A closure space (X,c) is
said to be nearly c—-compact (resp. almost c¢-
compact) if it satisfies the following condition :-

For every c-cover {A;:i€l of X, there is a
finite set J<I such that {c(A;):i€l is a c-cover of

X ( resp. a cover for X).
Definition 1.8:—- A closure space (X,c) 1is

said to be c-regular if it satisfies the following

condition:~ x€A' there is BcY such that
x€B'cc(B)ca®.

Definition [.9:— A closurc space (¥X,c) is
said to be regular if it satisfies following
condition :- Xx€A"™ there is VX such that
xeVcc(V)cA.

Proposition 1.2:-In c-recgular closure spaccs,
c-compactness + almost c-compactness.

Definition 1.10 :-— A function f: X— Y,
where X and Y arc closure spaces, is said to bel
@-continuous if for each point x€X and for each setveY
such that f(x)eV',there is kX such that x€U' and
L(c(D))ce(V).

Proposition 1.3:— The € @~continuous imagec of
an almost c-compact closurce space is almost c¢-

compact.
Definition {.11:— A function f: X —¥Y, where
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X and Y are closurc spaces, is5 said to be g -
almost continuous ( or € A-continuous, for short)
if for each x€X and each VY with f(x)€V*, there isUcX
such that xeU* and f(Wc(c(V))" .

Proposition 1.4:- A & A~continuous image of

a c—compact closure space is nearly c-~compact.
¥
2. Compact and compact closure spaces.

In this section we introduce new definitions
for «compact <closure spaces. Using these new
definitions (which are good extensions ) we give
corrected versions for Theorems 4.2-4.5 in {Il]

Definition 2.1:~ A closure space (X,c) 1ix
said to te compact if every c-cover for X has a
finite subcover.

Definition 2.2:- A closure space (X,c) 1is
said to be compact® if every open cover for X has
a finite subcover.

Remark 2.1:- Let (X,c) be a closure space.
Let "cl" and "int" be the closure and the interior
operators respectively in topology t(c¢) induced by
the Cech closure operator c¢. It is clear that a set
A is closed if and only if A= c(A)=cl(A). Also a
set A is open if and only if A°=int(A)=A.

Proposition 2.1:-A closure space (X,c) |is
compact if and only if it satisfies the following

condition:— Given any family § of subscts of X with
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FIP, then the family c¢(8) has a non empty
intersection.
Proof.It is similar to that of Proposition 1.1.

Proposition 2.2:- A closure space (X,c) is
compact' if and only if every family of closed scts
with FIP has non cmpty intersection.

Proof :- The result follows from the fact
that (X,c) is a compact* closure space if and only
if (X,t(c)) is a compact topological space. and
Pemarl 2.1

Remark 2.2:-

l}c—compactness, compactncss and compactnessn® arc

gnod extentions.

2) c-compactness = compactness = compactnessn®,
Using similar arguments as in [1] one may prove
the following:~

Proposition 2.3:~ A ¢ ~continuous image of a
compact (resp. compact*) closure space is compact
{resp. compact3.

Proposition 2.4 :— A closed subspace of a
compact (resp. compact*} closure space is compact
(resp. compact3.

Proposition 2.5 :~ A finite sum closure space
is compact(resp. compact* yif and only if each
coordinate closure space is compact(resp.compact+)

Proposition 2.6 :—- A product closure space is
compact (resp. compact*)if and only i1if each
coordinate closure space is cempact (resp.compact*)

Remark 2.3:~ Propositions 2.2 -2.5 give
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corrected versions for Theorems 4.2-4.5 in [1].
3. Weak forms of compactness in closure spaces.
In this section we use Definitions 2.1 and
2.2 to introduce some weak forms of compactness in
closure space which are all good extensions. The
relations between these different forms of
compactness are indicated. We include this section
by introducing good extensions for regular
topological spaces to closure spaces.The relations
between these new concepts and compactness are
investigated.
Definition 3.1 :— A closure space (X,c) 1is
said to be :-

1) nearly compact if for every c-cover {Ai:ie.ﬂ of X
there is a finite set JeI such that
({c(c(a,)))*: i€t covers X.

2} S-nearly compactl if for every open cover {A;:ieq)
of X there is a finite set Jol such that
{{c(a))iedt covers X.

3} nearly compact1 if for every open cover {Ai:ieﬂ
of X there is a finite sct J=I such that
{(c(c(Ai)))':i€J1 covers X.

4) almost compact if for cvery c-cover over lA;:ieD}

of X there is a finite set JcI such that
lc(c(a,)):ied covers X.

+
5) S-almost cempact if for every open cover (A,:i€I]
of X there is a finite set JeI such that
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lc(a,) 116 covers X
H
6) almost compact if for every open cover a,:ien

of X there is a finite set J<I such that
lclc(ay)) riedcovers X

Proposition 3.1:- The following implications
hold.

1) c-compact= ncarly c~compact = almost c-compact

f1].

¢) compact (resp. nearly compact)= almost compact.

3) compactt=~ nearly c—compact, = almost compactt

4) compact' = S-—nearly c—compact: = S-almost
compacg

5} S-nearly compact' (resp. S—almost compactS -
nearly compactt (resp. almast compactw.

%1 o-compact (resp. nearly c-compact, aimost c—
compact }=> compact {resp. nearly compsat,
adlmast compoois b cmmpncilircsp‘ nearly :ompactg
,almost compact)}.

7) crconpact {resp. nearly c-compact, almost o-
compact) = compavtt {resp. s—nearly compactt R
s—almost compactl).

8) compact=} almost c—compact.

Proof : Straightforward.

Remark 3.1: One may notice that in general,
compact = nearly compact. This is a remarkable
deviation from the case of topological spaces.

In addition to Definitions 1.8-1.9, the
following definition gives good extensions for the

concept of a regular topological space.
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PBefinitian 3.2:A closure space (X,c) is said
to be: i
i) regular‘ if x€A, A open => there¢ is BcX, B open
such that x€Bcc(B)ca.
ii) % - regular if x€A® => there is B<X such that
x€B'cc(BYec(c(B) ) cA.

ii1) S,- regular if x€A® => there is BcX such that

x€Bcc(B)cc(c(B) ) cA”.
iv) S*regular‘ if x€&, A& open => there is BceX ,B
open such that x€Bceco(B)ce(c(B) ) cA.
One may verify the following implications

1
S-regular <= S2 -regular => S[ ~regular

t
regular <= c-regular = regular

Using similar arguments as in [l] one may
prove the following:

Proposition 3.2 : In regular' space, (X,e) is
compact' « (X,c) is S—-almost compactt

Proposition 3.3:- In S;—-regular closure space,

compactness + almost compactness.
Proposition 3.4: In S, -regular closure space, c-
compactness « almost ;ompactncss.

Proposition 3.5: In S—regular' closurc space
compactness'é:=§ almost compactness.

In addition to Definition 1.10, the following
definition gives good extensions for the concept of
O@-continuous functions betwcen topological spaces.

Definition 3.3: A function f: (X,q)—é(Y,cﬂ
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is:

1) S € 8- continuous if for each point x€X and for
cach set VeY such that f(x)eV', there is Uex
such that xelrr and f(cl(cl(U))Ccz(Cz(W)

- . . ' .

ii) € 6- continuous if for each point x€X and for
cach open set VeY such that f{x)€eV, there is
open set UcX such that xeU and f(cl(U))Cca(V).

iii) s & o- continuou; if for ecach point x€X and
for each open set VY such that f(x)eV, there
is open set UcX such that x€U and
ey (e (M) e, (e, (V).

Using similar argument as in {11 one may
prove the following:

Proposition 3.6: The 5§ & 8- .ontiauous imaze
of an almost compact closure space is almost

compact.

1
Proposition 3.7: The & 8- continuous image

of an S-almost compactt closure space is S-almost
compacta

Proposition 3.8: The S & 8- continuous image
of an almost compact' closure space is almost
compactﬂ

In addition to Definition 1.11, the following
definition gives good extensions for the concept of
almost continuous functions between topological
Spaccs.

Definition 3.4:A function f: (X, ¢,) — (Y, c;)
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i1s:

i) S € A- continuous if for every X€X and cach VeY
with f(x)eV® there is UcX such that xe€U’ and
£(0) c(c,(c,(V))) .

]
ii) € A- continuous if for every x€X and cach open
set V¥ with f(x)€V there is an open sctlcX
such that x€U and £(U)c(c,(V))".

iii) § & A- continuous’if for every x€X and cach
opcen set VY with f(x}€V there is an open
sctUcX such that x€U and f£(D)c(c,{c,(V)))*.
Using similar arguments as in [i] one may

prove the following:

Proposition 3.9: The € A- continuous image
of a compact closure space is nearly c-compact.

Proposition 3.10: A S € A- continuous image
of compact (c-compact ) closure space is nearly
compact.

Proposition 3.11:— The € A-continuous. image
of a compactl closure space is nearly compact*.

Proposition 3.12:- The § € A-continuous image

} !
of a compact closure space is nearly compact
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