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ABSTRACT

In [3] A. Mashhour et al introduced
the concept of fuzzy disjointness. Two
fuzzy sets A, B in X are said to be fuzzy
disjoint if Agco B, where co B is the
complement of B. Using this concept, they
introduced FT, separation axioms as a

generalization for the basic separation
axioms T,(i=1,.....,4)}).

In [53] M.K.singal et al used the
concepts of regular open fuzzy sets [1]
and fuzzy disjointness to introduce some
fuzzy almost separation axioms which are
strenger than those of Mashhour.
Unfortunately, some results in {[5] are
incorrect.

In this paper, we use the concept
of the quasi-coincident relation[4] to
restate lower fuzzy separation axioms and
give a corrected version for some
definitions and results in [5].
Keywords: Fuzzy topology, separation
axioms.
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[-Preliminaries

Definition 1.1 [2]. Let X be a non-empty

tcI*, the pair (X,%) is an fts iff

satisfies the following conditions:

(1) ¢,xcx

(2) If u,vetr, then ufllver

(3) If usev for all jeJ then, Ufu,jedyer
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Let A be a fuzzy set in X. The closure and
the interior of A(dencted by cl A and int A resp.)
are defined by

cl A={FeIX|Fet®and A<F} and
int AsU{GeI *|Gerand GsA} respectively
Definition 1.2 [1]. Let (X,t) be an fts. A

fuzzy set A in X is said to be regular-open iff A=
int ¢l A. A fuzzy set u in X is said to be regular-
closed iff co u is regular-open. Equivalentliyuer¥
is regular-closed iff u=cl int u.

Thus every regular-open (regular—closed)
fuzzy set is open (closed) but the converse does
not hold[1]

Definition 1.3 [1]. A subfamily p ofI¥
(i.e.pcr¥ ) is a base for a fuzzy topology on X iff
(1) x=UB|Bep}

(2) For each B,,B, in P and for each fuzzy point

x,€B,M\B, there exist B*€f such that x,€8*'<B,NB,.
Definition 1.4 [1]. Let (X,t) be an fts. The
family P={a€I¥|A is regular open ! is a base for a
fuzzy topology t*' on X. The fts (X, t*) is called
the semi—-regularization of (X, tv).The fts(X,t) is
said to be semi-regular space iff t=t*
Definition 1.5 [4]. Let A,B be two fuzzy sets
in ¥. A is said to be quasi-coincident with B(
denoted A q B) iff there exists xeX such that
A{x)+B(x)>1. Consequently, a fuzzy point X, is
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quasi-coincident with A iff A+A(x)>1.

Definition 1.6 [S}. Let (X,t) be an fts. A
fuzzy set A in X is said to be 8-open iff Aex* that
is A€I¥ is &-open iff A=Uu, where u, is a regular

open fuzzy set for each i. The fuzzy set A in X is

said to be &-closed iff co A is &-open.
Eguivalently, AeI?® 1is &-closed iff A=ﬂf} where F,

ts a regular—closed fuzzy set for each i.

Proposition 1.1 [1}.(1) The closure of an
epen fTuzzy set is regular-closed.

(?2) The interior of a closed fuzzy set is regular-
OPET:,

Definition 1.7 [t}. Let (¥,t) and (Y,U) be
two fts. A mapping f: X-—-> Y is called a fuzzy
almosti~continuous mapping iff the inverse image of
every regular open fuzzy set in Y is open in X.

Definition- 1.8 [5]. Let ( X,t) and (Y,U)be
two fts. A mapping f: X-——-> Y is fuzzy almost
open{(closed) iff for every regular open (regular-
ciosed)fﬁzzy set v in X, f(u) is open(closed) in Y.

Lemma 1.1 {5] If f:X—-> Y is fuzzy almost
continuous and fuzzy almost open, then, the inverse
image of every fuzzy regular—open (regular-closed)
set is regular—open {(regular~closed).

For notions and results used but not defined
or shown we refer to [4]

2. Fuzzy quasi-separation Axioms
Using the concept of a quasi-coincident

relation, we introduce the fuzzy quasi-separation
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axioms. These new axioms as well as those in [3]
are reduced, in the crisp case to the ordinary

basic separation axioms.
Definition 2.1. An fts (X,t) is said to be:
(i) Fuzzy quasi—-T, (in short FQT,) space iff for

every pair of fuzzy points x,,¥, in X (x¥y)
there exists u€t such that X, q usco y, or
Y, q usco x,
(ii) Fuzzy quasi-T, (in short FQT,) space iff for
every pair of fuzzy points XY, in X (x*y)
‘there exists u,ver such that x, qus<coy, and
Yy g VSCO X,
(iii) Fuzzy quasi—T, (in short FQT,) space iff for
every pair of fuzzy points XY, in & (x»y)
there exists u,vet such that X, q usco Y o
Y, @ vsco X, and u;" V.

(iv) Fuzzy quasi-T, {in short FQT,) space iff every

fuzzy point in X is closed.
(v) Fuzzy quasi-T,,,, (in short FQT,,,,) space iff

for every pair of fuzzy points x,,¥y, in X (x»y)

there exist u,vet such that
X, QuLCo y,.,y, g vsco X, and (cl u)ﬁ(cl V).
(vi) Fuzzy quasi-regular (in short FQR) space iff

for every fuzzy point x, in X and closed fuzzy
set F in X such that x;, g (co F) there exist

u,ver such that x, qu,Fqv and ullv=d
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A fuzzy quasi-regular space which is FQT, is said

to be FQT,-space.

(vii) Fuzzy quasi-normal (in short FQN) space iff
for every pair of closed fuzzy sets F,,F, in
X such that F,gq{coF,) there exist u,ver such
that F,qu,F,gv and ullv=¢

A fuzzy quasi-normal space which is FQT, is said to

be FQT,-space.

One may notice that, in the crisp case, the
above FQT; axioms are reduced to the ordinary T,-

axiom for every 1€l0.1,21/2,3,4}. Also, FQT, is
reduced to the ordinary Ta4axiom.

Theorem 2.1. An fts(X,t) is FQT[ iff every
crisp point in X is closed.

Proof. Let X, be a crisp point in X. Then,
for every fuzzy point p=y, in X with x#y there
exist u,u,€t such that x,qu<cop and DQu,<co x, .

Hence, for every fuzzy point p with p q(co
x), there exist uLET such that p ¢ u, .
Consequently ;Jq(Uup). Thus, p q (co x,) implies p
q(Uup). Since UL%scoxi, then , for every fuzzy
point p with p g (Uup), pa(cox,).
Hence p q ¢ UL%) iff p g (co x;) i.e. Uuy=cox,.

Therefore, co X, is open and X, is closed.

Conversely, let X,,¥, be a pair of fuzzy
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points in X with x#*y. Since X, and y, are closed;
co X, and co y, are open. Sincex,qcoy,;y, gqcCox,
,cox<co x; and coy,scoy,; then(X,t)is FQTI.

Corollary 2.1. Every FQT; is FQT1 but the
converse is not true, in general.

Example 2.1. Let X=lx,,x,} and leta=lx,|xex, Ac[1/2,1]}

and B={ueT*| range u<[1/2,1]}. Let t=AUBUi¢}. Then, <
is a fuzzy topology on X. Since all crisp points
are T-closed;(X,t) is FQTl . But the fuzzy point p
with support X, and value 3/4 is not <-closed.
Consequently, (X,t) is not FQT,.

Theorem 2.2. For every 1€l0,1,2,2 1/2,3,5 the
corresponding FQT; property is hereditary.

Proof. Let us prove, for exampie, the case
i=o. Let (X,%) be an FQTD fts and let (Y,t,) be a
subspace of (X,t). Let Xx,.y, be two fuzzy points in
Y such that x#y. Since Y<X, then, there exist uet

such that x; guscoy, or y, quscox,. Let u*=v¥uer,,
then, x,_qu‘scoyu or yuqu'scoxl. Hence, (Y,ty) is

FOT The proofs for other cases are simjlar,

0
Theorem 2.3. Fuzzy quasi—-normality 1s

hereditary with respect to closed subspaces.

Proof. Let (X,t) be an FQN space and let

{(Y,ty) be a closed subspace. Let F, and F, be T4
closed fuzzy sets such that F, gcoyF,. Since Y is

closed, then F,,F, are closed in X and F, g (co F}),
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then there exist u,veétr such that Foqu,F,gqv and
ulv=¢ .Let u*=ully,v*=vilY. Hence(Y,t,) is FON.

Remark 2.1. One may easily prove that for
every 1€l0,1,2,2 1/2,3,4,8 the corresponding FQT.
property is additive (see[3] for the definition of
an additive property).
3-Fuzzy almost—quasi—separation axioms

In this section we introduce the concepts of
fuzzy almost quasi-separation axioms. Using these
new axioms we avoid some deviations in [5].

Definition 3.1. An fts (X,t) is said to be
fuzzy almost-quasi To (FAQTU for brief) iff every
pair of fuzzy points XY, in X with Xx#y there

exists a regular open fuzzy set u such that
X, quscoy, or y, qUSCOX,. Equivalently, there
exists a d-open fuzzy set w such that X) g wECo yor
Y, dwsCco X, .

Remark 3.1. In [5] Singal et al has defined
an fts (X,t)to be FATG if it satisfies one of the
following conditions:

(i) There exists a regular-open fuzzy set u in X

such that x;€u<coy, or y,€ugcox,

(i1)There exists a 8-open fuzzy set W in X such

that X, EWSCOy, Or Y, EWLCOX, .

Indeed, the two conditions are eguivalent in
the crisp case. But, in general, they are not
equivalent. The reason is the known fact that
zanphliEJyJ there exists i€J such that xeu,,
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where x;, is a fuzzy point in X and u; is a

fuzzy set in X for all i€J. Using the concept
of a quasi—-coincident relation, we avoid this
deviation. Now, we give corrected versions for
Theorems(4.3)...... (4.5) in [5].

Theorem 3.1.An fts(X,v)is FAQT, iff for every

pair of fuzzy points X;,y, in X(x*y),x¢8-cly, or
y, €8-clx.
Proof. Let XY, be a pair of fuzzy points in

X with x*y then, there exists a regular open fuzzy

set u in X such that

Xyquscoy, or y,qu<cox,. Let x,quscoy,. Then
x,écou. Since y,scou and co u is 8-closed, then
x,68-cly,.

Converseiy, let Xx,, y, be a pair of fuzzy
points in X with x#y, x¢(8-cly,) or y,¢(d-clx,).
Then x,gco(8-cly,) or y,gco(d-clx,). Since
co(b-clx)=U;u;, co(d-cly,)=U;v,, where u;,v; are

regular-open fuzzy sets in X for all i. Then, there

exist a regular-open fuzzy set u;, in X such that
Xyquscoy, or y,qu;scox,. Thus(X,t)is FAQT,.

Corollary 3.1 An fts(X,t) is FAQT, iff (X,t*)
is FQT,.

Corollary 3.2 A fuzzy semi—-regular space is
FAQT, iff it is FQT,.

Definition 3.2 An fts(X,t) is FAQT, iff for
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every pair of fuzzy points Xy ¥, in X with different

supports, there exists a pair of regular-open fuzzy

sets u,v in X such that Xyquscoy, and yy,avscox,.
Theorem 3.2 An fts(X,t) is FAQT, iff every
crisp point is 8-closed.
Proof. Let X, be a crisp point and let p be a

fuzzy point in X such that supp p*x. Then, there

cxists regular-open fuzzy set u, in X such that
pquycox, . Let A=Uu,:pgcox,}. One may easily
verify that cox,=A. Consequently, coX, is 8-open
and X, is 8-closed.

Conversely, let XY, be a pair of fuzzy
point\s in X with x*y, then »X; and v, are 8-rlosed
fuzzy sets. Ccnsequently, cox, and coy, are 8-
open. Then ,cox,=U,u; and co y1=UjVj where u,, v, are

regular—open fuzzy sets in X for all

i,j.Then,y, g{cox)scox, and x,q{coy)scoy,.
Hence, there exist two regular-open fuzzy sets U, vy
in X such that Y. quscox, and X,gqvyscoy,. Conseq-
uently, (X,t)is FAQT, .

Corollary 3.3 An fts{(X,t) is FAQT, iff
(X,t*)is FQT,

Corollary 3.4 A fuzzy semi-regular space is
FAQT, iff it is FQT,

Definition 3.3 An fts (X,t) is FAQT, iff
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every fuzzy point in X is 8-closed.

Thus, every FAQT, is FAQT,, but the converse
is, in general not true. The fts in example 2.1 'is
FAQT, but it is not FAQT,.

Definition 3.4. An fts(X,t) is FAQT, space
iff for every pair of fuzzy points XV, in X with

different supports, there exists a pair of regular-
open fuzzy sets u,v in X such that

X, qQuscoy,,y,qvscox, and uscov.

Definition 3.5. An fts(X,v) is FAQT,,,, space
iff for every pair of fuzzy points X3 ¥y in X with
different supports, thers cxists a pair of regular—

open fuzzy sets u,v in X such that

X, quscoy,,y¥,qvscox, and (§-clu)<co (8-clv). Thus,
every FAQT,,,, is FAQT,.

Theorem 3.3, Let(X,t) and (Y,U) be fts. let
f:X-->Y be an injective fuzzy almost continuous and
fuzzy almost open. Then X is FAQT; if Y is FAQT,,
where i €l0,1,2,2 1/2}.

Proof. Let us prove the theorem in case i=0.
Let x, and ¥, be two fuzzy points in X(x#y). Then
f(x;) and f(yh) are two fuzzy points in Y whose
supports are f(x),f(y) respectively, and f(x)=f(y).
Hence, there exists a regular—open fuzzy set u in Y

such that f(x;) qusco(f(nj) orf(yﬁ qusco (f(x,)).

Therefore, x,q (£ (u))<co (££(y,)) or
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yuq(f*%u))sco(qu(xﬂ). Since f™*{u) is regular-
open, from Lemma 2.1, then x,g(f'(u))<coy, or

v, @ {(ft(u))<cox,. Thus, (X,t) is FAQT,. The proofs
of other cases are similar.

Theorem 3.4 Every regular-open subspace of an
FAQT, space is FAQT; where ielo,1,2,2 1/2}.

Proof. We prove the theorem when i=2 . Let
(X,t) be FAQT, and let (Y, ty) be a regular—-open
subspace. Let XYy be two fuzzy points in Y with

different supports. Then, there exists two regular-

open fuzzy sets u,v in X such that Xx,quscoy,,
y,qvscox, and uscov. Let u*=vy, v*=vily. Then
u*,v* are regular—open fuzzy sets in Y. Thus (Y, ty)
is FAQT,-space. The proofs of other cases are
similar.

Corollary 3.4. Every open subspace of an
FAQT, space is FQT;, where ielo,1,2,21/2}.

Theorem 3.5. Let (X,t),(Y,U)be two fts. let
f:X-——>Ybe an injective and fuzzy almost
continuous. Then, (X,t) is FQT; if (Y,U} is FAQT,,

where 1€l0,1,2,2 1/2}

- Proof. In this case, the inverse image of a
regular-open fuzzy set is an open fuzzy set. The
proof can be completed using similar arguments as
in Theorem 4.3.

Corollary 3.5. An fts(X,t) is FAQT, iff
(X.t*) is FQT,, where i€l0,1,2,21/2}.
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Corollary 3.6. A fuzzy semi—regular space is
FAQT, iff it is FQT,, where Ie€l0,1,2,21/2}.
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