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ABSTRACT

In this peice of work we define
oci—semicontinuous, Reé- semicontinuous
and R x*-semicontinuous functions as
a generalization of F-semicontinuous
and F-irresolute functions. By these
concepts and the concept of an-contin-
uous functions, we improve and generalize
( in fuzzy setting) some results previocusly
obtained by Malghan and Benchalli [11,12]
and Sivaraj [17].

1. INTRODUCTION

In 1978, Gantner, et al. [9] introduced the concept
of & ~compact and strong locally={-compact fuzzy spaces.
In 1979 Gameron [8] introduced for the first the concept
of I-compact spaces. In 1980 and 1984, the concept of
countablyeX-compact and locally«-compact fuzzy spaces were
introduced by Malghan and Benchalli {11,12]}. In 1986 and
1987 tha concepts of e<—continuity X-irresclute functions
and S-closed spaces were introduced by Mashhour et al.
[13,151.
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Theorem A [17]. If a function f:X ~—> Y is irresolute
and AcX is l-compact relative to X, then f(A) iss(S-closed

ralative to Y.

Corollary B [17]. If a function f:X —>"¥is irresolute,
1 is an FED-space and ACX is I-compact retative to X, then

f{A} is I-compact relarive to Y.

Corellary C [177. If a function £:X —> Y is semicpen
and semicontinuous, Y i5 an ED-space and ACX is I-compact

relative to X, then £(A) is I-compact relative to Y..

Theorem D {11]. Let f:X —> ¥ be an F-continuous
function. If X is countably X-compact, then f(X) is crount-

ably o -compact subspace 0f Y.

Theorem E [11]. Let f:X ~—> Y be an F-continuous,
F-open surjection. If X is locally<X-compact, then Y is

locallye( -compact.

Corollary F [12). Let f be an F-onen, F-continous
function from an fts ¥ onto ¢ 1¥-Hausdorff fts Y such that
Supp(C1(A)) = C1{Supp(A)) for each fuzzy open set A in V.

If X is strong locally«x -compari, then so is Y.

Let S be a fuzzy subset of a fuz-, topoligical
space (an ft ., for short) (X,T), we dernote tle closure
£ (resp. 1-terior of §, semiclosure of S) with respece o
Tby C1(S) (resp. Int("), Scl(S)). The family «f all fuzzy
semiopen (re . fur ., rcsular semiopen) scts in A aire denc od
bv SO(X) (resp. RSO(X)).
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Definition 1.1 . A fuzzy subset S of an fts X is called:

(1) fuzzy
(ii) fuzzy
(iii) fuzzy
(iv) fuzzy
(v) fuzzy

semicpen [2,5} if S ¢ C1(Int(S)),
semiclosed [2,5] if 8 > Int {C1(5)},
preopen {7] if 5 < Int(C1(S)),
regular open [5] if S=Int(C1(S)),

regular-semiopen [13] if there is a fuzzy reguiar

open set U such that U<S<CI(Y).

Defirition 1.2 [16]. A fuzzy point x_ is said to be

quasicoincident with A, denoted by x qh if T > A"(x) > 1.

A fuzzy set A is quasi-concident with a fuzzy set B or AgB

if there is x X , A(x) 4+ B(x) > 1. A fuzzy set A in an

fts (X,T ) is called a Q-neighbourhood of x_ 1ff there is

B¢ Tsuch that x qB < A.

Theorem 1.3. [16]. A fuzzy point er(H(A) iff each

q-neighbourhood of X is quasi-coincident with A.

The following Propositions have been stated in [1C].

Proposition 1.4, (i) If AAB=0, then A¢B(A is not

quasi-coincident with B),

(ii) A < B iff x_GB for each x 94,

(i1i) x_dA iff X, A"(A" is the complement of A),

(iv)

(v)

AqB iff A < B",

% v ALY iff there is j J such that x _gA,
rq(j | ;) Jo 5
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Pro,us ion 1.

i

- Let (X, T) be an fts and VET, then

YA . m2e 'gC1(A) Yor each fuzzy set A in X.

theoen 1,64 [14]. A fuzzy point xre}hﬁ(A) iff each

fuzzy semiopen set U with xqu, tqa.

Thecven 1.7 {12}, If £:X —> Y 1is a function
from a szt X into a set Y,A is a fuzzy subset in X and
B is a fuzzy subset in Y, then

(1) £IS(A)) = S(f(A)), where S(A) mééns support of A.

(i1) £7(s(B)) = s¢r7iemy).

Definition 1 8. Let £:X —> Y be a function from

a1 fts X into an fts Y. Then f is called:

(i) F-continuous [6] if f_l(V) is fuzzy open in X for

earh fuzzy cpen set in Y,

(ii) F-open [A], if £(U) i< fuzzy open in Y for each fuzzy
apent set U in X.

(iii) F-irresolute {14] if f—i(V) SO(X) for each V. S0(Y).
(iv) F-semicontinuous [2,5] if f_l(V)G:SO(X) for each fuzzy
open set V in Y.

{v)e{~corntinuous [13], if for each x € ¥ and for each fuzzy
open sct V in Y with V(f(x)) > &, there is a fuzzy open
set U dn X with U(x) >o¢ and £(U) <V, 0 ¢ <.

fvi) o(-< micontinous (resp.o(-irresolute) [15], if fur

x %X =nd for cach fuzzy open set V in Y (resp. V€S80(Y))
with V(E{x)) > , there is U€ SO(X) with U(x) >& and

Uy <,

wong
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Definition 1.9, [}, iet X be an fts andx¢[0,1]. A

ccllection Y of fuzzy sets is called of -shading of X if
for each x€ X, there is Ugpwith U(x) >e . A subcollection
of ano{-shading ) which is alsc an o ~shading is called an

X -subshading of ).

Definition 1.10., An fts X is called;

(i) Countablye{-compact [11], if every countable open
X -shading of ¥ has a finite X-subshading.

(i1) X ~compact [9] {resp. o -almost compact [1]) if every
open & -shading of X has a finiteo{-subshading (resp. has
a finite subfamily the closure of whose members are an

o -shading of X).

(iii) Locally ~compact [12] (resp. strong locallye-compact
[9]) if for each x € X, there is a neighbourhood U of x
(resp. an open neighbourhood)} of x such that U(x) = 1 and

S(MN(resp. S(C1(U))) iset-compact.

(iv) o S-closed [13] (resp. & I-compact [4]) if for
each semiopen o -ghading of X. there is a finite subfamily
the closure (resp., the interior of the closure) of whose

members are an® -shading of X.

Definition 1.11. & fuzzy subset A of an fts X is
called:
(i) o S-closed [3] (resp. = J-compact [4]) relative to

X if for eacho-shading of S(A) by fuzzy semiopen sets of

X, there is a finite subfamily the closure (resp. the
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S

in erice of the closure) of whose members are an o -shading
Lo
a7 ST,

ot} K -almost compact relativs te X if for each-shading
o S0AY by fuzzy open set of X, there is a finite subfamily

nee o iosure of whose members are an shading of S(A).

Derinition 1.12. [13]. An fts X is called fuzzy extremely

1
!

disconnected space (an FED-space, for-short) if the closure

of each fuzzy open set in X is fuazzy open in X.

2, sc®-semicontinuity Re¥®-semicontinuity andxIi-compactness.

Definition 2.1. Let f:(X,TY —> (Y,8) be a function

from an i{us (X,¢) to an frs (Y,) . For 0 {«<l, f is called:

(1) ex*-semicontinuous if for each x € X and for each
Ve o, wich V(£f(x)) >, there is U€8S0(X) such that U(x) >
and £(Int(CL(B)) <L (V).
(i1) R~ -semicontinuous (resp. R« *-semicontinucus) if for
eacli x& & and for each VERSO(Y) with V(£(x)) >o¢, there is
U g S0(X} such that U(x) >eand £(I)<V (resp. £(Int(Scl(U))) < Scl(V)).

Rewrk 2.2, Tt is clear that an F-semicontinuous
{resp. F-irresolute) function is an «®-semicontinuous (resp.
R -semicontinuous and R « *-semicontinuous) function. That
the converses need not be true as shown by Examples 2.3 and

2.4, below,

Fxample 2.3, Ler X= ja,bf , Uy, U, and U

9 3 be inzzy

~ubsets of X defined as



19
Delta J. Sci. 16 (1) 1992

ALA. Allam
Ul(a) = 0.6 Ul(b) = 0.55,
Uz(a) = 0.4 Uz(b) = (.30,
U3(a) = 0.7 U3(b) = 0.8.

Consider the following fuzzy topologies ={O,U1,1} & 9={0J&.U .1
on X and the function i:(X,T ) —> (X,8) defined by i(x)=x

for each Vj(a) = rj > 0.6, Vj(b)= Sj 2_0.55; it is obvious

that 1 is « % -semicontinous which is not F-semicontinuous

when 0.4 << 0.5.

Example 2.4. Let ¥ = {a , bi

. VI’ V, and Vé be fuzzy

substs of X defined as

Vi(a) = 0.45 V. (b) = 0.51
V,(a) = 0.4 V, (b) = 0.45
V,(a) = 0.6 Vs (b) = 0.5

Consider the fuzzy topologiesT= {0, Vi 1; and © =£O,V2, V3
on X and the function 1 : (X ,7)—> (Y, O ) defined by
i(x} = x for each x: X. It is clear that all fuzzy semiopen

sits in’ are U, where U.(a) = r, > 0.45, U.(b) = S. > 0.51.
in ; whe J( ) ; J( ) i

Also, the only fuzzy regular semiopen sets in O are Hj and
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Mj where H (a) = 0.4, 0.45 < Hj(b) £ 0.5, Mj(a) = 0.6 and
0,5 <M (8) < 0,55, It is obvious that i is R..semicontinuons
BN ‘ .

nd R semicontinuous burt not F-irresolute when YN = 0.53,

Lemma 2.5, Let X be an fts and U be a fuzzy subset of
X. then Int(C1(1)) < Sci{n.

Prnof: Let x_ ¢ 3cl1{U), then there is V & So(X) with
quV such that VgU and hence Int{V)gU. By Proposition 1.5,
1nt{V3gCl{i)} and hence Cl{Int{(V)) ¢ Int{CL(U)). By Proposition
1.4, CI{(Tne(V)) < 1- Tnt{CL(U)). Since V SO(X) and xqu,
then xqul(Int(V)) and hence X9 (i-Int(C1(U))). By Proposition

1.4, X ¢ Int(C1(U)). This show that Int(C1U)) < Scl(l).

Lemma 2.6, Let X be an fts,then Scl(U) < Inc(C1(U))

for each fuzzy preopen set U of X.

Proof: Let er Int(C1(U)), then xrq(1~Int(Cl(U)).Put

1--Tnt(CL{UN)=VE SO(X). Then xqu. Since U is fuzzy preopen,
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then U< Tnt(Cl(U}), which implies Ug(l-Int(Cl(U}} = V.
Hence, there is V€& SO{X) with xqu such that VgU. Then

X ¢ Scl(U). This show that Scl(U) ¢ Int(Cl(U)).

Lemma 2.7. A fuzzy subset U of an fts X is fuzzy
regular semiopen if and only if U is fuzzy semiopen and
fuzzy semiclosed.

Proof: Let Ue€ RSO(X), then there is a fuzzy regular
open set V of X such that V ¢ U ¢ C1(V) and hence Int(Cl(U))=
Int(Cl{V)) = V <U. Therefore U is fuzzy semiclosed and fuzzy
semiopen. Conversely, let U be fuzzy semiopen and fuzzy
semiclosed in X, then Int(C1(U)) < U < C1(Int(U)) < C1{Int(C1(U
Put Int(Cl(U)) = V, Which is fuzzy regular open in X. Hence
there exists a fuzzy regular open set V of X such that

V < U < CL(V). Then U is fuzzy regular semiopen.

Theorem 2.8. If (Y,8) is an FED-space and a function

f:(X, ) — (Y,89) ise~semicontinuous, then f is Rx-semi-

continuous.

Proof: Let x € X and V€& RSO(Y) with V(f(x)) > >o¢.
Since Y is an FED-space, then V < Cl(Int(V))=Int(Cl(Int(V})) O,

with Int(CI{Int(VIM){f{x)) >x , Since f is=-semicontinuous,
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Pome is Ug S0(X) such that Ulx) > & and f{ITntC{Int(V))).
B Lemma 2.5 and 2.7, Int(C1(V)) < S5cl{V)= V and hence

f(C) < V. then f is RX -semicontinuous.

Theorem 2.9. If (Y,8) is an FED-space and a function

f- (X, T) —> (1,8) is off-semicontinuous, then [ is Reff-semi-

continuous.

Proof: Let x €X and V& RSO(Y) with V(f(x)) >« . Similar
to that of Theorem 2.8., there is U €S0(X) such that U(x) >«
and semiclosed, then Tnt(Scl(U)} = Int(Cl(Scl(U)M)= Int{CI{L)).
Since VERSO(Y), then CI(V) = C1(Int(V))= Int(CL(Iat(V))) <
Scl(¥V). Hence f(Int(Scl{U)) < Scl(V). Therefore f is

K ex*-gemicontinuous.

Theorem 2.10. If a function f:X — Y is w¥-semiconuous

and A is I-compact relative to X, then f(A) iso-almost

compact relative to Y.

Proof: Let ) be a fuzzy open-shading of S(f(A)).
“rus for - ¢ S(f(A)), there is VyGl)such that Vy(y) >& . Since
f is¥-semicontinuous, then for x € S(A) with f(x)=y, there

is W€ SO(X) such that Ux(x) > and f([nt(Cl(UX))) <Cl(Vy.
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Hence EU 1X SEAY A D sned s chadine o SOAY L jummy semiopen
. I .J A
sets of Y. Since A iz I-compart reletive te &, then there
is a finite suhfamily iﬂx‘ 1= l,?,B,‘.(ﬁwj such that
1

Elnt(Cl(Uxi)) :1=1,2,2,...,n¢ 18 an o -shading nf S(A).

-

For y; & S(£(A}) , there is X, € S(A) such that f{xi)=yi

and hence there is Int(Cl(UX }Y such that IntﬂH(Ux ))(xi) >,
i i

ButhInt«ﬂ(Ux 1)) (yj) = sup (Int(fl(Ux )))(xi) >,

i v e e—l ¥.) i

X.t ¢t 1 .

which implies for vy S(feA)), C?(Vvi)(gi) > . Then ZCl(Vv Yri=

. ) ’ Y4
1,2,.3, ...,ng is anof-shading of S({t({A))). Therefore f(A)

ig « ~almost compact relative to Y.

In an fts X, it is easy to see that if A is< l-compact
relative to X, then A is o S-closed relative to X, and
o —almost compact relative to X, but not the converse. Also
by the following Theorem we show that, in an FED-space X
if A isc{-almost compact relative to X, them A is o I-compact

relative to X.

Theorem 2.11. If X is an FED-space and A isX -almost

comact Trelative to X. then A4 iso I-compact relative to X.
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Proof: Let iFi: ik I} be an of-shading of S(A) by
fuzzy regular closed sets in X. Since X is an FED-—_spéce, then
tor each i 1, F1=Cl(Int:(F1.)); which is fuzzy open in X. Since
A iso{-almost compact relative to X, then thefe is a finite
subset IO of I such that %Cl(Fi) : i Io} is an & -shading
of S(A) since X is an FED-space, then Int(Fi)= Fi= Cl(Fi)
and hence iInt(Fi): i€ Io} is an& -shading of S(A). Then

A is & I-compact relative to X.

The following corollary may be considered as a
reneralization (in fuzzy seting) and an improvement of

Corollaries B and C.

Corollary 2.12, If a function f:X —> Y is ec*-semi-

continuous, Y is an FED-space and A is o I-compact relative

o X, then f(A) is «T-compact relative to Y.

Proof: If follows that from Theorems 2.10 and 2.11.
ihe following Theorem may be considered as a generalization

{in fuzzy setting) and an improvement of Theorem A.

Theorem 2.13. If & function f:X —> Y is R *-cami-

vontinuous and A is « T-compact relative to X, then f{4)

18 o, S~closed rolalive to Y,
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Proof: Let Y be an o —~eading of S b fuzay
regular semiopen sets of 1. Thus for ye S(t{A)}, there is
VVELJsuch that foy) ve . Sunce f is Ra® -semicontiiuous,
then for x €S{A}, with f{sj=y. there is N? ©ORoiYY mech
that Ux(x) >k and f(Int(S;ﬁiUX})) < Sci(ﬁy}. Une oo
obtain as in Theorem 2.11., for Yie S(f(A)), there is

xi_é S(A) with f(x.)=yi and hence, there is Int(Cl(Ux b)Y,

€1
such that Int(Cl(U ))(x vy, But Int(CI(U )):Int(Scl(Ux YY),

1
then f(Int(Sc](U )))(y ‘—({nL’01 (i ))\fv )= s ‘f'1( | )))(K s
E * Aes "y, ) B
which implies for ¥, € S(£(A)), SCI(U )(y ) >bg Then {CI(V ):
i Yy

i=1,2,3, ...J{}is an« —shading of S(f{4)). Therefore £(A)

is of S-closed relative toO Y.

Corollary 2.14. If a function f:X —> Y is Ru¥-semi-

continuous, Y is an FED-space and A is ot I-compact relative

to X, then f(A) isl-compact relative to Y.

The following corollary may be considered as a
generalization {in fuzey setting) and an improvement of

forollaries B and C.

Corollary 2.15. If a function f:X¥ — Y isg¥*-semi-

continuous. Y is an FED-space and A isa - compact relative
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to X, then f(A) is « I-compact relative to Y.

Proof: If follows that from Theorem 2.9 and Corollary
2,14,

In 1986, Mashhour, et al. [13], show that every F-
continuous function is an ¢ -continuous function, but not
the converse. Since it ig 50, then theorems 2.16, 2.17 and
Corollary 2.18 may be considered as an improvement of Theorems

D, E and Coroliary F, respectively.

Theorem 2,16. If a function f:X —> Y is oK —continuous

and ¥ is countably & -compact, then £(X) is countably & —compact.

Proof: Assume that f(X)=Y. Let 2 be a countable open
Ct-shading of Y. Thus for y € Y, there is Uyﬁl)such that
Yy(y) >o{ . Since f is«&-cuntinuous, then for x € ¥ with
f(x)=y, there is a fuzzy open set Vx of X such that Vx(x) > X
and f(Vx) < Uy' HenceZ{:EVx:xE;X} is countahle open -shading
of ¥. Since X is countable & —compact, thenPYhas a finite
x~subshading ZVX_:5=1,2,3,...,n} . For yié Y, there is xie X

i

with f(xi) =y, and hence there js VX such that Vs ;xi) >,

i i .
But f(in)(yi) = su,J‘1 ﬂxi(xi) , which ij(yi} >e0, llence
xp €8 " (yy) '
E,UY.: i=1,2,3, ...,n} is a finite<&—shad'ng of . T e
1
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is countably  —compact.
Theorem 2.17. Let £:X -—> Y be an-continuous, F-open

surjaction. If & is lccally «{-compact, then Y is alsc leocally

™% —compact.

Proof: Let yeY and let f(x) = y. Since v g ¥, there
is a neighbourhood U of x such that U(x)=! and S{({U)) is
of —compact. Since f is F-open, then £(1") is a neighbourhcod

of y such that (£(U))(y) = sup M(x) =1 and since of is
_ X E£(y)
o —continuous £(S(U))= S(£(¥)) is o -compact [13 Corollary

4.9]. Hence Y is locally X -compact.

Corollary 2.18. Let f be an«-continuous, F-open

function from an fts X onto a 1¥*-Hausdorff fts Y such that
S(C1(U) = C1(S(U)) for each fuzzy open set U in Y, If X is

strongly locally & -compact, then so is Y.

Proof: It follows that from Theorem 2.17 and Theorem

5.5 of [12].
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