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ABSTRACT

We are concerned with sensitivity
analysis of min-max continuous static games,
aiming to extend the sensitivity analysis
results given in [1,2].

Two algorithms, with different techniques
are obtained for estimating the first—Xarush-
Kuhn-Tucker derivatives to a large class of
twice differentiable parametric min-max continu-
ous static games. The achievied results are
formulated in two lemmas and in two theorems.
Furthermore, an illustrative example is given.

INTRODUCTION

Tiacco and Armacost have given in [1,2] the sensi-
tivity analysis results to programs in which the pertur-
bations appear generally. They also have introduced a
synthesis of the basic sensitivity theory with classical
penalty function theory to estimate such sensitivity

information. Two algorithims for estimating the partial
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parameter derivatives of Karush-Kuhn-Tucker triple have

obtained in [1].

In this article we improved such results to be appli-
cable in min-max continuous static games. The obtained
results are formulated in two lemmas and two theorems.
Furthermore, two algorithms, with different techniques
were introduced for estimating the partial parameter
derivatives of Karush-Kuhn-Tucker triple. One of the
algorithms depends on the sensitivity analysis results
and the other, which is prefered .from the practical point
of view, unifies the basic sensitivity theory with the
penalty function theory. Finally, we give an illustra-

tive example.

1. SENSITIVITY ANALYSIS OF A SECOND-ORDER LOCAL SOLUTION

Conéider the problem of determination a local solution
Al
U= (& , %) of
min Gi(Q,ul,G,E)

P3M(£) : subject to

It
[

A i a
g{x,u”,v,g)

N
o]

.
h(x,u',%,¢) >
and

” o~
max Gi(x,ul,v,g)
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subject to
8(;,1?1,‘/,5) = Oa
h(;,ﬁl*v,é) > 0.
n i S 5784 i s
where xelB, ute B , velbk . (n,v) e E” and

£ € Ei(is a parameter vector).

The following theorem presents and demonstrates
the rélationship of the second-order sufficient optima-
lity conditions to the existence and behaviour of the
first -order variations of a local solution and the
associated Lagrange multipliers, when the problem func—

tlons are subject to parametric variations.

LEMMA 1: (Second order sufficient conditions for a strict
local minimizing point of P3M(O) [2} ] Assume that the
functions defining problem PBM(O) are twic§ continuously
differentiable in a neighborhood of 3 = (1%,9) then 1 is

a strict local minimizing point of problem P%M(O)’ if
there exist (Lagrange multiplier vectors ﬁ(l)e Eq, 2‘1)5 En,
,1_1<1) e EY and é(l) € E" such that the first order Karush-

Kuhn-Tucker conditions hold : i.e.

h (%0
J(

-
\V,0) 3 0

Ca

A Al A
Br(%,u",v,0) = 0 r

]
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ﬁj(i) hjtﬁ,ai,q,o) = o, j=1,2,...,0
éj(i) hj(;,ﬁi,c,o) = 0

Pty >0

é(i) 0

7 LG VA 5 0y = v 6 (15,0 -
lqn' A Al oA
- gi,ugl)v h.(x,ul,v,o)
{3 %3

T . -
+}Z€u§l) ngr(x,ul,v,o)

H]
o]

VL0, 2 W0 - e )

u i u i

q A(i) LS Ai A
-7 Pl ihj(x,u :V,0)

j=1 u
n . 5
+2Z_,u§1) g +8 (x,al,V,o)=o
r=1 u T

a2 a(1) a(1) NPT B
v L Gout, vt 0n 0= V.G, (x,u”,v,0)
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A ni A J‘\(l) "(l) _ A onion B q n “ adn
VVLi(X"u s VoM N y0) = VvGi(st 'V,0) ]é} A_ljvvhj(X;ll V,O)

n Y "~ ni A
+'Z;1{£r var(x,u s v,0) = 0
T=

and further if for all Z z o

722 14,809,800, 280 o)z s o,
2'v? 1 (3,459,000, 00 6yz 5 o

1

A Al A

u
vag Li {x,u ,vbé(i),zz(i),o)z > 0

ZTViLi(ﬁ,ﬁl,G,éfl), Q(i),o)z > 0.
such that

V.ohEELEe2 3 o

u

Vv hj(ﬁ,ﬁl,G,O)Z % o

A'\i" Ail\

Vx hj(x,u ,v,0)Z2 3 o for all j where hj(ﬁ,u ,V,0) = oO.

th(i,ﬁl,ﬁ,o)z = o for all j where p§1) > o, Egi) < 0.
V. h(£0,9,02 =0
u
vV h, (x,0,v,0)2 = o
vo]
and
Vgr(£,61,§,o)2 = o0 r =1,2, ...,n

ey {x,01,v,0)2 = o
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aAin

var(x,u ,V,0)2 =0

Theorem 1 [Basic sensitivity theorem, First order sensi-
tivity results for a second-order local minimizing point

a = (ui,G) of problem P3M(E) (1] 1 1f

(i) The functions defining PSM(E) are twica continu-
ously differentiable in (x,u) and if their gradients with
respect to (x,u) and the constraints are once continuously

differentiable in £ in a neighborhood of (%X,4,0) = (%,u,v,0).

(ii) The second-order sufficient conditions for.a local

minimum of P3M(o) hold at (ﬁ) with associated Lagrange multi-

pliers ptt), p(1), ;_l(i), :i(i)~

(iii) The gradients v,ihj(Q,G,o) (for j such that
i
hj(ﬁ,ﬁ,o) = 0) and V igr(?c,ﬁ,o) (all r) are linearly inde-
u
pendent and

(iv) ﬁ(l) > o, iﬁl) < o when h.(g,a,o) = 0.
] J J
(j =1,2,...,q9) i.e. strict complementary slackness holds,
then

(a) (&,G) is a local isolated minimizing point of problem
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(1)  ~(1)

PBM(O) and the associated Lagrange multipliers ot
éﬁi) ) é(i) are unique.

(b) forg in a neighbohood of o, there exists a unique, once
continuously differentiable vector function.

se) = [x(e), u(e), sy, p ey, ey, 5 ey
satisfyiﬁg‘the second-order sufficient conditions for a
local minimum of problem P3M(£) s.t.

S(o) = ( (ﬁ,ﬁ),.ﬁ(i) ,.ﬁﬁi), J(i) ) (i))= S and hence

s

(x(e}, wu(e)) is a locally unique local minimum of problem
PSM(G) with associated unique Lagrange multipliers u(l)(a),

2y, e, uGe).

(c) for ¢ near o, the set of binding inequalities is unchanged,
strict complementary slachness holds, and the binding const-

raint gradients are linearly independent at (x(g), u(g€)).

2. ¥STIMATING THE FIRST KARUSH-KUHN-TUCKER TRIPLE DERIVATIVES
TO A LARGE CLASS OF TWICE DIFFERENTIABLE PARAMETRIC MIN-MAX

CONTINUOUS STATIC GAMES USING SENSITIVITY ANALYSIS RESULIS.

let us consider the Karush Kuhn-Tucker first order

conditions of P3M(£) as follows
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ORI IO

(1)

Vui Ly (xu, o I CO NP (1)

,ugl)hj(x,u,e) =0, ]°= 1’2,---’(—1
gﬁl)h.(x,u,e) = 0 j=1,2,...,9

N J
g .(x,u,8) =0 r=1,2,...,n

From the conditions of Basic sensitivity theorem,
system (1) can be differentiated with respect to € to yield
explicit expressions for the first partial derivatives of
the vector function (x,u,,u(i),4g(i), u(i),_y(i)) = (x(¢),
u(&),.u(i)(e),,gfi)(é), u(i)(a),_g(i)(a)). as follows:

M(E) . V S(e) = N(g) (2}
where M is the Jacobian of (2) w.r.t 5, 5= (x,ui,ku(i),
4'(1), 4l(i),;g(i)) evaluated at (S(g), g) and N is the
negative of the Jacobian matrix of (1) w.r.t. € calculated at

(S{&), €). Since M is nonsingular for € near o, it follows

that: V,S() = Mice) N(e) (3)
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From this system, the first-order estimate of the
variation of an isolated local solution (x(&), u(€)) and
the associated unique Lagrange multipliers ‘u(l)(E),

U(i)(ﬁ)’ )_I(i)(g),g(i}(ﬁ) can be calculated.

3. ESTIMATING THE FIRST KARUSH KUHN _TUCKER TRIPLE DERIVATIVE

TO A LARGE CLASS OF TWICE DIFFERENTIABLE PARAMETRIC MIN
MAX CONTINUOUS STATIC GAMES USING PENALTY FUNCTIONS. .

Altough all parameter derivatives can (in theory) be
calculated, as in system (3), and have considerable interest.
In practice it is desirable to exploit the fact that it is
possible to estimate such sensitivity information from that
generated by solution algorithm. So we introduce a synthesis of
of the basic sensitivity theory with the classical penalty
functions based essentially on approximating a local minimum
of problem P3M(£) by an unconstrained local minimum (x(&,r),
u(g,r)) of W(x,u,&,r) and W(x,u,&,r) for r>o and small that

strictly satisfies the inequalities of P3M(€).

Tt is important to present the theorem and lemmas from

which we can have the penalty function algorithm as follows:
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Theorem 2. [Approximation of first-order sensitivity results

and determination of estimates from W(x,u,e,r) [1] ]

If the assumptions of theorem (1) hold, then in a
neighborhood about (£,r) = (0,0) there exists a unique once
continuously differentiable vector function [x(£,r) , u(é,r),
pPe ), We,n, Wiy, Die.
satisfying: -

v L o) o ey oo

VxLi(x,u,,ti( ), _13(i ,E) = o

VuiLi(x,u,p(i), v(i), £)=o0

VvLi(x,u,g(i), 1) ey o g

pgi) hy(x,u,€) =r,j=1,2,....q

,Egi) hi(x,0,6) =1, §=1,2,....q (4)
8;(x,8) v(i) L i=12,....n

with [x(0,0), u(o,0), p( )(o o), (i)(o,o), Eﬁi)(o,o),

( )(O 0}] = (x, q, "(1), );(i), é(i), _{;'(1))

and such that for any (€,r) near (o,0) and r>o (x(£,r),

u(€,r)) is a locally unique unconstrained local minimizing

Af\l

point of W, ( ,V,&,1) and Ei(ﬁ,ﬁl,v,E,r) with
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hJ(X(E ,I'), U.(E,I'), E)) > 0 j=1,2,...,q
and
vz w-[X(Esr)’ u(& ,r),E,r], Vz W.[X(S,r). U(E!r)!gl r]
x 1 ot i
are positive definite
2 WL 1), u(e D) Eor), Vo W [x(E,r), u(e,r), &.r]
x —i v —i
are negative definite, where Wi , Ei are the Logarithmic-

quadratic mixed barrier-penalty functions associated with problem

problem PSM(E) are given by

w - 1 ~ G a 1 ~ q h ~ i g
J(&uT, 0, 8,1) (X,u,v, 8= 7 In j(X.u V5 B)

i :
=1
15 2. 1 x
545 8 (%,u,v,8),
A ’\i A Ai q A Ai
Ei(x,u ,V,E,T) = Gi(x,u ,v,E) + 2. 1n hj(x,u ,V, E)

“
1 2 a aid
T Zgi (x,u rV)E')

PROPOSITION 1. [Convergence of penalty function solutions and

sensitivity estimates].
If the assumptions of theorem (2) hold, then for
€ near o
S(e,r) — S(€,0) = S(&),

v, SGe,r) — Vg S(§,0) = % S(&)

as & —¢Eand T — 0.
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If we the chain rule, the differentiation of
(3) w.r.t. g yields:
M{e,r) V¢ S(€,r) = N(E,r) (5)

TS(e, r) = Ml ). NE,r) (6)

An alternative to utilizing (6) to calculate Vg S(e,r)
is avail;ble, using tﬁe fact that the Hessian of Wi(x,u,s,r),
‘ Ei(x,u,i,r) are nonsingular at a minimizing point (x(¢ ,r),
u(¢,r). This‘will be seen t¢ have the advantage of involving
d smaller matrix invers2 rather than the Jacobiam matrrix
of M(¢,r) appearing in (6) and requires only information

that is readily availble from the Wi , W, functions at a

minimizing point.

The following glgorithm which will be denoned by
algorithm I cgn he used to estimate the first Karush-Kuhn-

Tucker triple derivatives to a large class of twice differen-
tiable parametric min-max-continuous static games using penalty

functions. This algorithm can be summarized as follows:

ALGORITHM I

1] Minimize the penalty function of problem P3M(E) to obtain



Delta J. Sci. 12 (3) 1988

Weheba

900

(x(¢,r), G{¢,r) [in a region such that hj(ﬁ(a,r), a(e,r),t)
>o, j=1,2,..

..q].

2] Substitute by (xte,r), uE,r)) in system (4) which is

the perturbation of the first order necessary conditions

for a local minimizing point of problem PBM(E)’ and solve it

.to obtain the multipliers pgi)(ﬁ,r), véi) (g,r).

3] Calculate VE[Q(E,r), 4(¢,r)) from the following equations:

Vg ui(e,r) = - vii W[ (x(E 1), de.r), 9,0, e 17
+ Vz i Wi[x(i,r), Ui(i,r)g V(E' ,I'),E,,I']
tu
7y v(Ee) = - 72 U (e ), uE,m), viem), €l
+ V%v W [x(e,r), ute,r), v, r),e.r]
VE. X(E ,I') = - vi wi[x(ﬁ,r), ul(s ,r), V(E,I‘),E,l’]
+ Véx Wi[x(a,r). u(e,r), w(E ,r),&,r]

4] Differentiate the multipliers which were obtained from

step {2] w.r.t. &,

5] Caleulate (R(3), 6(E)), Vg (GI(E), &), T (D),

Dy, 1@, Sy, i@y, v 1, gl

and vaﬁ(i)(é) by taking the limit of ((x(e,r), d(e,r)),
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v, [x(e,0), 6,00 5P e, 5 e, 58 Pe,n, 5, m,
v AP, 1860, § x W ana v 206 n

when E—*éand r—o.

6] If [%(B), 6(8), AP (@), P& sV (®) .21 (8)] 1s

a unique once continuously differentiable vector function,
satisfying the second-order sufficient conditions for a

local minimum of problem PBM(E) stop; otherwise, go to step
1.

AN TLLUSTRATIVE EXAMPLE.

Consider a two-player game with

6() = -2t 4 (r-g)?,

- (u - £E)2 1 L(y - 2
G2(.) = (u El) + 3(v -2 82)
subject to
4 El ~u> o,
4 82 -v2 o.

To determine the first Kuhn-Tucker derivatives to
the parametric min-max continuous static games for a plaver
1. Define the logarithmic-quadratic mixed barrier-penalty

function of the player 1 as

w=(u_261)2+ (\?“2)2+1’[1n(4 EI—U)+1T1(4£2‘V)]1
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W= (-2 81)2 + (v - 82)2 ~r[in (4 g - w) +1n (4 &) = V)]

that uniquely minimized for r > 0.

r
VUW:.O:Z(H—Z&].)—([}E]--—U) =—2(&—2&1)(u-451)—r—o

2
u(vil, €99 r) =3 € + (51 - 1)

(S

— uf Es 82) = 4 g asr—~o

T B
e 2 - )+ T A )

e

3 r.9 — - -
v(El v €9 r) = 5 82 + (2 + % 62) v( €1 52) =4eyas T

Substitute in the perturbed Kuhn-Tucker conditions by

uf £ €q r) and v( 81, Eg r)
we have
T
}-11( Els 82 ’ r) = 2 _15
Che - (38 + (] -]
.. r
pz( E—lv 82, I') = 3__ T 9 T
: = ko Z 2
b, -3+ 5+ 78]
It follows that pl( £ € r) = Pl( 81 , 52) = -2 El
as r — O
and pz( El, £q r) pz( 51 . 82) =0 ag r — o0
2 2 uf & 22)

2%, u( £, &y 1) 4 =TDE)
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) 2 .
and 752'2— V( El’(UEZ’ 1") — 4 = 9—52 V(Els 52) as 1 — o
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