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ABSTRACT

Tn this paper, athwart immersions for
more than two manifolds into Euclidean space
are defined. An important results for finite
number of manifolds to be athwart is estab-’
1ished. Furthermore some concluded results
concerning athwart immersions into Fuclidean
space have been proved.

INTRODUCTION.

In this work, we are concerned with a problem,

namely, athwart immersions for more than two smooth,
c¢losed, connected n-manifolds into Euclidean (n + 1)-

space En+1.

In [1], the same problem of athwart immersions into
Fuclidean space is considered for two smooth, closed,

connected n-manifolds M and N into Fuclidean (n + 1)-

space gntl
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Athwartness concept, as being given in [1], may
be stated as follows: ‘
Let M and N be smooth, closed,‘connected n-manifolds and
let £ and g be smooth immersions of M and N, respectively,

into Euclidean (n + 1)-space En+1. The immersion f is said

to be athwart to g-written ffrg- if and only if £(M) and

g{N) have no tangent hyperplane in common.

In what circumstance is fftg? was the main question
which has been answered in [1] and the following theorems

have been proved.

Theorem (1-1). :
let £ : M — En+1 and g :+ N —Q-En+l be immersions.
If f(M) has two tangent n-planes such that one meets

g(N) and the other does not, then f is not athwart to g.

Theorem (1-2).
Let £ : M —a-En+l and g : N —> En+1 be immersions

such that f(M)N g{N) =¢. Then f is not athwart to g.

Theorem (1-3).

Let f and g be two immersions of the unit circle

s! in E2. If fftg, then the image of one of the immersions

is inside all the loops of the other.
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The most interesting result in [T] may be given as
follows.
Theorem (1-4).
1 n+l

Let £ : M—> B and gt N—>E be immersions

such that ff*g. Then one of the manifelds, say M, is
diffeomorphic to the n-dimensional unite sphere s", f
is an imbedding with starshaped inside and g(N) is

contained in the interior of the kernel of the inside
of f.

The last theorem (1-4) depends extensively in its

proof on the following theorem (1-5) by Halpern [2].

Theorem (1-5).
Jet £ 1 M —4'En+1, dim M=n, be an immersion. If

U T,

CEM # E™ then M is diffeomorphic to 8" , f is

an imbedding, the inside of f£(M) is starshaped and En+1\

L} TX is the interior of the kernel of the inside of f
x EM

( Tx is the tangent space at x&€M).

Definition (1-1).

Let M be a-smooth, closed connected n-manifolds and
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let f be a smooth immersion of M in an Euclidean (n+l)-space
En+1. We say that f(M) is self-athwart if and only if f(M)
has no tangent hyperplane touching it at more than one
peint.

For example, a geodesic sphere in Euclidean space is self-
athwart while the 2-dimensicnal tours in E3 is not self-

athwart. Moreover, every strictly convex hypersurface is

self-athwart and the convers is alsec trie. [3].

In [3] an easy proof of theorem (1-1) has been given
which depends mainly on the geometric imagination of geo-
metric objects in BEuclidean space and the convers of the

theorem, as indicated below, has been proved.

Theorem (1-6).

Let f : M-—*-En+1 and g : N - gt be immersions

such that f is not athwart to g, then one of the immersions
(ér both) has two tangent n-planes such that one meets the

other immersion and one does not.

II. Main work:

Now, we discuss the above problem, athwart immersion
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problem, but for more than two manifolds. Firstly, we deal

with three manifolds at most and then generalize the results.

Definition (2-1).

Let M,N and L. be smooth, closed connected n-manifolds
and let f£,g and h be smooth immersions of M,N and L, respec-
tively, into Euclidean (n+l)-space En+1. We say that f,g
and h a;e athwart immersions, denoted by ff+gfth, if and

only if every two of these immersions are athwart.

For examples, in the following figures (i) and (ii),
it is c¢clear that f,g and h are athwart immersions, while

f,g and h are not athwart in figures (iii) and (iv).

(1) (i) (131) (iv)

Now, we prove similar theorems to the above ones.

Theorem (2-1).
let £ : M —> En+1 , 2t N— En+1.and h:L— En+1
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be immersions. If any one of the immersions, say f(M}, has
two tangent hyperplanes such that one meets any one of the
others immersions (or both), say g(N), and the other tangent
hyperplane does not meet g(N) (or any one). Then f,g and h

are not athwart.

Proof.
Under the above hypothesis and using theorem (1-1),
we see that the immersion f is not athwart to g. According

to the definition (2-1), then f,g and h are not athwart.

Theorem (2-2),

Let f : M — En+l, g? N—*Em-l and h: L—*Em}' be inmersions
such that the intersection of any two immersions at least,
say £(M) and g{(N), is not empty. Then f,g and h are not

athwart.

Proof.
According to the theorem (1-2), since f(M)[Y1g(N) =¢,
then f is not athwart to g. consequently, the immersions

f,g and h are not athwart.
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Theorem (2-3)..

Let £ : M—> B! g i N— ™l andh:1-—> E

n+l
be immersions such that ff+gf# h. Then two of the manifolds,
say M and N, are diffeomorphic to s®, £ and g are embedding
with starshaped inside and h(L) is contained in the interior

of the kernel of the inside of f and g.

Since fA gHh, then we have the following cases.
(i) If we consider ffig, then by using theorem (1-4) we
see that one of the manifolds, say M,.is diffeomorphic
to Sn ., £ is an imbedding with starshaped inside and
g(N) is contained in the interior of the kernel of the

inside of £, i.e.,

g(N) <€ ker f Leea (1)

(ii) If we take gfth, then one of the manifolds, say N, is
diffeomorphic to s", g is an imbedding with starshaped
ingide and h(L) is céntained in the interior of the kernel

of the inside of g, i.e.,

h(LY Cker g,  iiees (2>

(iii) If fHh, then one of the manifolds, say M, is diffeo-
morphic to s® , f is an imbedding with starshaped inside
and h(L) is contained in the interior of the kernel of the

inside of f. i.e. ,



883

Delta J. Sci. 12 (3) 1988

On Athwart Immersions

h(L)Cker £ ... (3)

Since ker gc¢ g, and by using (1), (2) and (3), then we have
h(L) € ker gCker f and the theorem is proved.

Theorem (2-4).

Let f,g and h be immersions of the unit circle S1 in

EZ. If ffgfth, then the image of one of immersions is

inside all the loops of the others.

Proof.
Since ff#gAh then we have the following cases:
(i) Since fftg, according to the theorem (1-3), then the

image of f is inside all the loops of g, or the opposite.

(1i) Since gfth, then the image of g is inside all the

loops of h, or the opposite.

(iii) Since ff+h, then the image of f is inside 211 the
loops of h, or the opposite.

From the above three cases, we have the following:

i~ If the image of f is inside all the loops of g, the
image of g is inside all the loops of h and the image

of £ is inside all the loops of h. Or if the image of f
is inside all the loops of g, the image of h is inside
all the loops of g and the image of f is inside all the

loops of h. Then the image of f is inside all the loops of
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g and h.

ii— If the image of £ iz inside all the loops of g, the
image of h is inside all the loops of g and the image of
h is inside all the loops of f. Or if the imége of g is
inside all the loops of f, the image of h is inside all
the loops of g and the image of h is inside all the loops
of f. Then the image of h is inside all the loops of g
and f.

iii- If the image of g is inside all the loops of £, the
image of g is inside all the loops of h and the image of h
is inside all the loops of f£. Or if the image of g is inside
all the loops of f, the image of g is inside all the loops
of h and the image of f is inside all the loops of h. Then
the image of g is inside all the loops of f and h.

According to this discussion, we see that the image
of one of the immersions is inside all the loops of the

two others and the proof of the theorem is complete.

JIT General results.

] be smooth immersions of smooth,

Let fi:Mi—? E
closed, connected n-manifelds M., i= 1,2, ...,k into
Euclidean {n+l)-space En+1. We say that fi, i=1,2,...,k
are athwart immersions, denoted by flf}fzf}___f}fk, if

and only if every two of the immersions fi are athwart.
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Now, accoerding to the above discussions in section

(IT), we have the following results:

1) If any one of the immersions fi’ say fj(Mj)’ 1£ig¢k, has
two tangent hyperplanes such that one meets any one of the
others immersions at léast, say fr(Mr), 1¢rgk, 14j, and
the other tangent hyperplane does not meet any one. Then

the immersions fi are not athwart.

2) If the intersection &f any two immersions is non—empty
i.e. frr)fj + ¢, lgr , jgk, r+4j, then the immersions

fi are not athwart.

3) If fi : Mi —> EP+1, i=1,2,....,k are athwart immersions,
then (k-1) of the manifolds Mi are diffeomorphic  to Sn, fi,
i=1,2,...,(k-1) are embeddings with starshaped inside and
fk(Mk) is contained in the interior of the kernel of the
inside of fi’ i=1,2, ...,(k-1).

4y If £., i=1,2,...,k are immersions of the unit circle

S1 in E2 and fi are athwart immersions. Then the image

of one of the immersions is inside all the loops of the

others and the image of fi is inside all the loops of
fi+1'

Corollary (3-1)

The set of all immersions fi : Mi — En+1 are athwart

and also self-athwart for all i if and only if they are
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strictly convex hyper surfaces contained in each other.

For example the set of all concentric spheres are

athwart and also self-athwart.

Remark:

If we consider the set of all athwart immersions
i £, i=1,2, ...k} such that £, is self-athwart for
all i, then we easily see that the relation of athwart.

ness is an equivalence relation according to the following:
1- fiﬂ-fi (reflexive).

2- If fif}fj we have fjf}fi (symmetric)-

3- If £ f. and f ff_ then £ F {(transitive).
i 7] i r i r
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