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ABSTRACT

This paper is devoted to studying
several properties of a type of near open-
ness which is called precpen sets, also new
results of precontinuity are established and
connections between this type with correspond-
ing ones are studied. Some existing results
are improved.

Y 1. INTRODUCTION

In 1963, Levine [7] introduced the notion of semi-

open set and semi-continuity, but & - sets has been defined
by Njastad [11] in 1965. Locally closed sets was given

in 1966 by  Bourbaki [4]}. The concept of § —open sets

was defined by Velicko [15] in 1968. In 1980.

Mashhour et al. [8] introduced the concept of a preopen sets
which is independent from semi-openness. In 1983,

Abd El-Monsef et al. [1] introduced the notion of PB-open-
ness. In 1986, . Tong [14] gave the notion of A-set.
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Here X,Y and Z are topological spaces without any
separation properties and whenever such ones are needed
they will be assumed. Let S be a subset of X, the closure
(resp. interior) of S will be denoted by S {resp. 5°). §
is called semi-open [7] (resp. « -set [11]), locally closed
[4], preopen {8], P-open [1],A-set [13]) if S= S°7 (resp.
Se= S"°,S8=U0NTFwhere U is open and F is closed,
Se=S§°, S= S§7°,5=0UnN T where U is open and F is
regular closed). The complement of each of the previous
types will be called a corresponding closed. S is called

£ -open [15] if for each point X & S there exists a
regular open set G containing x such that 6 — S. The com-
plement of a § -open set is § -closed [15]. The collection
of all semi-open (resp. of -sets, preopen, P-open, regular-
open, regular-closed) sets of X will be denoted by SO(X)
(resp. oO(X), PO(X), PO(X), RO(X), RC(X)). A mapping
f:X —— Y is said to be semi-continuous [7] (resp.

o -continuous [10}. LC-continuous [6], precontinuous. [8],
p-continuous [1], A-continuous [14}) if the inverse image
of each open set in Y is semi-open (resp. ol -set, locally
closed, preopen, ﬁ—open, A-set) in X, also f is almost
continuous in the sense of Singal [13] (a.c.s) (resp.irreso-
lute [5], M-precontinuous [9], p-irresolute {2}) if the
inverse image of each regular-open (resp. semi-open,preopen,
B-open) set in Y is open (resp. seTi—open, preopen, B-open)

in X. But f is semi~open [3] (resp. semi-closed [12], P-open
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[l]ipreopen {8], almost open in the sense of Singal [13]
(a.o.s.), M-preopen [9], M-preclosed [9]) if the image of
each open (resp. closed, open, ‘dpen, regular open, preopén,
preclosed) set in X is semi-open (resp. semi-closed, p—open,

preopen, open, preopen, preclosed) set in Y.

2. PREOPEN SETS

Theorem 2.1. The intersection of a preopen set and an o-set

is preopen.

Proof Let A e PO(X) and B e of0 (X), then A — 4A”°,
Be B°7° so, Al B A0 B°~° = (A™° @ B°7)°
= (A 0B °<= (AN B)™° = (A1 B) ~°, hence the
result.

Corollary 2.1. The union of a preclosed set and, a & -closed

set is préclosed.

The following theorem is an improvement of a corresponding
result in [15}

Theorem 2.2. A subset P of X is § -closed iff for each

x ¢ P, there exists a preopen set W with x ¢ W such that
w° 0P =g,

Proof. Let P = X be § -closed, then X-P is § -open i.e.,
for each x e X-P, there exists a regular-open set W™° = X
such that x e W° — X - P. Hence W°NP = g.
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Conversely, let x € P, there esists a pre-open set
W = X containing x such that W° 1 P = @. Since W™° is
regular open containing x, then x ¢ W ° = X-P this means

that X-P is § -open and therefore P is § —closed.

Definition 2.1[16]. A space X is said to be extremely disg-
connected if the closure of every open set in it is open.

By using Definition (2.1), the following result having
obviously proof.

Theorem 2.3. In an extremely disconnected space, the follow-

ing statements hold :-
(i) Each PB-open set is preopen.
(ii) Each BPB-closed set is preclosed.
(iii) Each semi-open set is o -set.

{iv) Fach semi-closed set is o -closed.

3. PRECONTINUITY
Theorem 3.1. A mapping { : X ——Y is precontinuous iff
F(A7)Y = [ £(A) |” tor every A ¢ SO(X).
Proof. Necessity, let f be precontinuous and A e SO(X),
then A — A°  and A~ — A°” . Hence f(A") — f(A°7 ). By
precontinuity of f we have f(A°~ ) = [f(A)]" (Theorem (1)
[8] ) hence f(A7) &= [£f(A)] .

Sufficiency, let f(A") = H(A)] for each & e SO(X).
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Since A" = A, f(A°) = (A7) = [£(A)]” . Then by

Theorem (1) [8], we get directly that f is precontinuous.

Theorem 3.2, If f : X——» Y is a.c.s. and B-open, then

f is precontinuous.

Proof. Let V<= Y be open and since V™° is regular open

in Y. Then £75(V°) = [ £1(V™)]° but V = V-° = yo~o.
Thus f_l(V) o [fhl(V°'°)]° but by P-openness f_l(V) =
[f_l(V)]—° (seef1]). Hence f'I(V) e PO(X) and this complete
the proof,

Theorem 3.3. A p-continuous mapping from an extremely

disconnected space into any space is precontinuocus.
Proof. Let f : X——>Y be P-continvous and V < Y is
open, then £7'(V) e BO(X). By Theorem (2.3) £71(V) e PO(Y).

Hence thq result.

Theorem 3.4. If f : X—-=Y is precontinuous and open then :

(i} f is M-precontinuous.

(ii)The inverse image of each semi-open (resp. semi-closed)
set is PB-open (resp. P-closed).

Proof. (i} Let We PO(Y), then W = W™. Since W™ is open

and f is precontinuous, then f-l(W) = fnl(W’°) — [f_1

(W)™ = [£2W)1° = [£7 1)), hence the result.

(ii) If VeSO(Y), then V = V°Tand so £1(v) = £ leyo=)

— [f'l(V°)]_ and by precontinuity of f we have f'l(V) =
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[f_l(V°)]'°‘ = [(f_l(V)]“" . Hence £ 1(V) e pO(X) and

the other part of this statment follows directly.

Corollary 3.1. (i) If X is extremely disconnected then the
second statement of the previous theorem will be "The
inverse image of each semi-open (resp. semi-closed) set is
preopen (resp. preclosed)”.

(ii) If each of X and Y are extremely disconnected, then
the inverse image of each of -set (resp. o -closed set) is

preopen (resp. preclosed).

Theorem 3.5. For any two mappings f : X —=Y and g + Y —Z,

the following statements hold :-

(i) If f is surjective precontinuous and open, then gof 1is
precontinuous if one of the following verifies :

1) If g is precontinuous.

2) If Y is extremely disconnected and g is P-continuous.
(ii) If gof is precontinuous and g is continuous, then

the surjective mapping f is precontinuous.

(iii) gof is precontinuous if f is precontinuous, g is
A-continuous and Y is extremely disconnected.

Proof. Obvious.

4. PREFOPEN AND PRECLOSED MAPPINGS
Lemma 4.1.[10]. Let £ : X—>Y be o-continuous, then f(A™)
«— [f(A)] for each & e PO(X). -
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Theorem 4.1. Preopenness is preserved under preopen and

el ~continuous mapping.

Proof. Consider f : X~-——»Y is preopen, & —continuous and

W e PO(X), then f(W) = f(W™°) whenever W ° is an open set,
so by preopenness of f we have f(W°) = [f(W™°)]° =
[f(W )]™° and by Lemma (4.1.) f(W°) = [f(W)]=° = [£(W)]™°
hence f(W) e PO{Y).

Corollary 4.1. If f : X—>»Y is surjective preopen and

& -continuous, then the image of each preclosed set in X

is preclosed in Y.

Proof. Obvious by taking the complements in previocus theorem.

Theorem 4.2. If £ : X—> Y is surjective preopen and conti-

nuous, then the following verify :
(i) f.is M-pre-open.

(ii) f is M-pre closed.

(iii) The image of each semi-open set is P-open.

(iv) The image of each semi-closed set is P-closed.
Proof. (i) Let W-e¢ PO(X) , then £(W) = £f(W™°) by preopen-
ness of f and since W™° is open, hence
f(W) = [£W)]™° < [fW)]™° = [fEW]T° = [fW]™° .
Thus f is M-preopen.

(ii) Immediately.
(iii) Assume V e SO(X), then f(V) = £(V°7) and so, f(V)
c—= [f(V®)] but V° is an open set hence f(V) = [f(V9]™°~
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— [£(V)]7°" which gives that £(V) ¢ BO(Y).
(iv) If F is semi-closed in X, then X-F e SO(X) by (iii)
we get f(X-F) e PO(Y) therefore f£(F) is ﬁ—closed in Y.

Hence the result.

Corollary 4.2. Under the same hypothesis in the previous

theorem if Y is extremely disconnected then the last two
statements will be "The image of each semi-open (resp.
semi-closed) is preopen (resp. preclosed).

Proof. Omitted by (i) and (ii) of Theorem (2.3).

Theorem 4.3. A PB-continuous mapping which is a.o.s. is

preopen.

Proof. Let f : X—»Y be p-continuous a.o.s. and U is an
open in X. Since U™° is regular open in X, then f£(U~°) is -
open in Y. Thus f(U) = £(U7°) = [£(U°7°)]° = [f(U)]"°
{by (v) of Theorem (2.1) in [1]). Hence the result.

Corollary 4.3. f : X——>VY is preclosed if f is p-conti-

nuous surjective and a.o.s.

Theorem 4.4. If f : X——=>V is surjective and Y is extremely

disconnected, then f is preopen (resp. preclosed) whenever
it is p-open (resp. PB-closed).

Proof. Follows immediatelly by using (i) and (ii) of Theorem
(2.3). -
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Theorem 4.5. The following statements verify for the two

mappings f : X——>Y and g : Y—>7,

(i) 1f f and g are preopen (resp. preclosed), f is surjec-
tive and g(V ) = [ g(V)]™ for each set V= Y, then g
is preopén (resp. preclosed).

(i1) If Y is extremely disconnected and both f and g are
preopen (resp. preclosed surjective), then gof is also.
(iii) If gof and g are preopen (resp. preclosed surjective)

and X is extremely disconnected, then f is A-continuous.

5. COMPARISONS

Next lemma is very important in this sequal :

Lemma 5.1. [10) If f : X —=Y is precontinuous and semi-

—-continuous, then f is o —continuous.

Theorem 5.1. A PB-continuous mapping from an extremely

disconnected space into any space and semi-continuous it

is A —continuous.

Proof. Follows directly by Theorem (3.3) and Lemma (5.1).

Theorem 5.2. For a mapping f:X ——=Y if X is extremely
disconnected, then the following statements are equivalent:
(i) £ is continuous.
(ii)} £ is B~continuous and A-continuous.

(ii1i) f is P-continuous and LC-continuous.
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Proof., (1) = (ii) and (i) ~—=.(iii) are obvious, but (ii)
=——a (i) and (iii) ==(1) by using Theorem (3.3) and
Theorem (4) in [6].

The following theorem is an improvement of one result in [8].

Theorem 53.3. A precontinuous a.o.s. mapping f : X—> ¥ is

preopen.

Proof. Let U be an open set in X. Since U™® is regular
open, then by a.o.s. £(U™®) is open and therefore we have
f£(U) = £(U™) = [f(U°)]° = [f(U)]° = [£(U°7)]°. Since
f is precontinuous, then [£(U°7)]° = [(£f(U)]}™°. Hence

the result.
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