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ABSTRACT

After Zadeh [1] introduced the notion
of fuzzy sets. E. P. Klement [2],[3] intro-
duced the concept of fuzzy measures as a gen—
eralization of classical fuzzy measure [4].

It is the purpose of this paper to continue the
work started in {5] and give some properties
of m* - fuzzy measurable sets. Also, we give
nessecary and sufficient conditions for a
fuzzy set to be fuzzy measurable with respect
to some known fuzzy outer measure m¥ ., We int-
roduce the definition of a fuzzy sequential
covering class of a set X . We prove that we
can construct a fuzzy outer measure from any
fuzzy sequential covering class K of X and
any extended real valued non-negative function
f with domain K, such that £f(0) = o .

1- INTRODUCTION
Throughout this paper, X will denote an ordinary
set and the unit interval [0,1] will be denoted by I. The
complement of a set ACS X will be denoted by A® and
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the complement of a fuzzy set u will be denoted by uc,

i.e . u$ = 1-u. The fuzzy set 1A ., A = X is
defined by

1 if x e A

Iy (0 = _ '
0 if x € AS

The definitions of fuzzy o— - algebras and

measures were introduced by E. P. Klement in [3] as follows.

1- A subfaily o~ = IX is called fuzzy o= -algebra

iff it satisfies the following conditons:

(o71) \/ constant a : aeov-;
(0-2) Yuweo : ueo ;
(e73) v(un)neNe‘f’""N AV 4

where N is a countable set,

(Clearly , if g~ is a fuzzy o— -algebra, ( ¢—3) holds

when N is a finite set ).

* *
2- A functional m : g~ —— R+ , where R+ is
the set of all extended non-negative real numbers, is called

a fuzzy measure on { X, g— ) iff it fulfills the following

properties:
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(M 1) the domain g~ of m is a fuzzy o— ~algebra ;
(M 2) m(0) =0 ;
M3) Yuveo—:m(uvy) +m(u Av) = m(u) + m(v) ;

M4) ¥ (), o g€ ¢ u Fu—>n@ )t n),

#
The definitions fuzzy outer measures and m -fuzzy

measurable sets were introduced in our work [1] .

*
3+ .
Definition 1. A functional m : Ix —_ R+ 1s

called a fuzzy outer measure on X iff fulfills the

following properties :

*
(01) the domain of m is the set of all fuzzy sets;
#*
(02) m (0) = 0 ;

{03) Vu, v e IX s UL V :}m*( < i’ﬂ*(V)
€ X * m (U )1
08 Y (), ¢ & F—3 n' Nu)<Z~

n &

where N is a countable set.

* .
(Notice that, if m is a fuzzy outer measure on X , then

(04) holds when N is a finite set).

*
Definition 2. Let m be a fuzzy outer measure on X.

*
Then a fuzzy set u is said to be m -fuzzy measurable iff

for any arbitary fuzzy set J , we have

# % *
m(p} =m (pAl ) +m (pAl ) =
g 4 {xeX:u(x).g cs 4 thX:u(x) > ck
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#* *
=m (J.l/\l ) +m (J.l/\l )
{xeX:u(x) < c} {xeX:u(x) ;c& !

(1)

for every constant c € I

+*
ITI. Properties of m -fuzzy measurable sets

In the following theorem, we study some properties
#*
of m -fuzzy measurable sets, where m is some fuzzy

outer measure on X.

*
Theorem 1. Let m be a fuzzy outer measure on X and
*
let u be an m -fuzzy measurable set. Then for any arbi-

trary fuzzy set Js we have

m*(}ml ) = m*(}u\l +
ix X:u(x)g ch [ xeX:u(x) < c}
(2)
* (pal )
+ 1?1 4 fxe X:u(x)= c}
and
* %
(pAl) : ) =m (pAl) )+
"y le X:u(x))} ck F {xEX:u(x) >C‘I
| ¥*
+ m QJA]. y .

{x € X:u(x) = c}

#
Proof. Let u be an m -fuzzy measurable set . Then u
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satisfies (1) for every constant c &€ I and any arbitrary

fuzzy set u.
Thus , we have

*
m (pal ) =
s {xeX:u(x).g c} |
= n ((pAl )AL ) +
fxeX:u(x).sc} ExGX:u (x) < c}
*
+m((paAl )yl ) =
txeX:u(x),s c} [xEX:u(x) > c§
#* #
=m(j.|/\1 )+m(}|A1 ,

foX:u(x) 4 c} ‘{x € X:ulx) = c}

which proves (2).

In a similar way , (3) can be proved.

.
Theorem 2. Let m be a fuzzy outer measure on X. A
—_— . A

fuzzy set u is m -fuzzy measutable iff for any arbitrary

fuzzy set and for every constant ¢ & I, we have
y A

#* 3* +*
(p) =m (A1 Y+ m(unl
" " { x€ X:u(x) < c} ixe X:u(x)> c}

+ m*(u Al (4)

{x € X:u(x) = c} ).
*

Proof. First, let u be an m -fuzzy measurable set.

)+
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Then for every constant cé&I and any arbitrary set P

it follows from definition 1, that

3* * #*
m(p) =m (pAl Y +m (pal ) =
7 4 txe X ou(x) g c} 4 txe X:u(x) >c}
“ant ) +m (pal )
=m I\ m A
4 «Lxe X:u(x) < c} s {xeX:u(x) > c}
Applying theorem 1, we obtain
") = n'(ual )+ m (AL )+
m =m m
¥ 4 Exe X:u(x) < c'] 4 txe Xeu(x) > c}
+m(p Al )
F txe X:u(x) = c}
Now, for every constant c ¢ I and each arbitrary fuzzy
set u, let u be a fuvzy set satisfying (4).
From the subadditivity of m* , we have
Al )& m (uAl ) +
ixe Xiu(x) £ ck : ix € X:u(x) < c}
+ *( Al
m
f { x € X:u(x) = cls
Hence from (4),
#* # #
m(p) >m(pAl) J+m (ual ).
s / i xeXiulx) < c} 4 EXG X:u(x) > cy

(5)
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But,

o= (Al )V (ual ),
ixeX:(x)\{. cls Exe— X:u(x) »> c}

*
Then from the subadditivity of m ,

3*
m #* *
(p) < m (ual ) +m (pAl ) .
a a ixe X:u(x) < ck s ixe X:u(x) >CJ
. (6)

From (5) and (6) , we obtain

* - *
mG)=m ()ll\lixc, Xiu(x) < c}) s lixGX:u(x) > c})'
(7)
In a similar way , we can prove that
mG) =mgpal ) +m (Al 0.
fxeXiu(x) < ¢} § %€ Xu(x) ycy
(8)

%
From (7) and (8), it follows that u is m -fuzzy measurable

and the proof is complete .

*
Theorem 3. Let m be a fuzzy outer measure on X. The
*
fuzzy set IA’ where A is some subset of X, is m ~fuzzy

measurable iff for each arbitrary fuzzy set’p, we have
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* #* #*

m(}1)=m9u\1A)+m()1/\l c ) . (9)
( A7)
#*

Proof, Let 1A , AC X ism -fuzzy measurable. Then

#* *
m(p)=m(pAl )+*( 1 )
ixe X:IA(X).S C}: " uA{xe X:IA(X) >C3

for every constant c ¢ I.

By taking ¢ =0 , we obtain
x &X:1, (x) £ 0 = 1 s
i A } ( Ac)
{xe X:lA (x) > 0} = 1A

then
o WAL Em Al )
m = m A +m A .
}1 j'l A )u (AC)
Now, let (9) is satisfied, then for every constant ce I

and any arbitrary fuzzy set Jr we have
(i) in the case ¢ =1 , we get

m*(u Nl | ) + m*(}.l Al )=
tx €X: 1,(x) L c'; txe X:1,(x) > c'j

= -m*()-ll\lx)"'m*_(}-”\.cp ) = m*(}-l)

(ii) din the case ¢ < 1 ,
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#*
m*()ll\l ) +m (uAal )=
Lxe X:IA(x)é c} ('_x(: X:lA(x) > cj
* * #*
=m()1/\1 c } + m().n\lA) =m ()1).
(A7)
Hence for every cg I , we have
* * *
m()’)—m()u\l )+m ()11\1 ).
ixe X:lA(x) < cB {xe X:lA(x) > Y
Similarly, by studying the cases c=0 and ¢ >0

we can prove that

)+ m*()uxl

+* 3*
=m (pAl ).
" ('PP 4 xeX:lA(x) < cg txéX:lA(x) pY c._']

#*
Thus , 1A is m -fuzzy measurable and the proof is complete.

ITII. Construction of fuzzy outer measures

First , we introduce the following definition.

Definition 3. Let K be a class of fuzzy sets. We call

K a sequential fuzzy covering class of X if

{i) o & K ;

(ii) for every fuzzy set u, there is a sequence{wna

in K such that
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-
u<\/w.

n=1 n

Now, let f be an extended real valued non-negative function
with domain K such that f(0) =0 .,

For each fuzzy set u, let

3

o
m*(u) = inf [ Z f(wn) Pw € K , LA ]. (1)
n=1 n=

et
=]

Theorem 2. For any sequential fuzzy covering class K
and for any non-negative extended real valued function f
with domin K and with £(0) = 0 , the function

3
m defined by (1) is a fuzzy outer measure .

Proof. (01) , (02) and (03) are obviously satisfied.
It remains to verify (04) .

Let funj be any sequence of fuzzy sets and let :u be any
positive number . For each positive integer n there is

a sequence Z wnj } in K such that

‘oo
Voo

< .
:2 ST B
* £ . (2)
él: f(wnj) < m (un) + on

Then , we have
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Hance by (1) and (2), we get

o0 oo
3
nCVou e 2 £ ) <
n=1 n, j=1
= 3
42;[m(un)+ =1 <
n=1 2
d *
$ 2w (u) +E-
n=1
Since § is arbitrary , we get
o pand ®
*
nc(Vou ) 2w (), (3)
n=1 n=1

and the proof is complete.

Corollary. Theorems (1) and (2) enable us to construct

a fuzzy measure from any given pair K,f.
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