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ABSTRACT

In this paper we are concerned with
the generating functions for Bessel func-
tions, J_(x), and Hermite polynomials, H_(x);
accordingly we study two corresponding bound-
ary value problems. The asymptotic forms of
J (x) and H_(x) are obtained in order to get
the asymptogic formulas for the required
generating functions.

Lastly, some applications are given.

INTRODUCTION

Consider a function F(x , t) which gas the following

power series expansion

n _
F(x , t) = ngo fn(x) t : vesenas ......(10)
It follows that F(x , t) is a generating function for

the set Fn(*). Convergence is not necessary f1] for the

relation (10) to define the fn(x).

The generating functions are studied in many works

976



977

Delta J. Sci. (11) (3) 1987

On the generating functions ....

[1,2]. A large class of these functions for polynomial

sets has been investigated in [2].

The considered special functions can be reformulated
to represent a solution of the differential equation
4%+ q(z)y =8y, 2z = z(x), which has been studied in
[3,4,5].

This paper is devoted to find precise asymptotic
forms of the considered generating functions F(x , t)
for Bessel functions Jn(x) and Hermite polynomils
Hn(x). For this purpose we study two boundary value

problems for Jn(x) and Hn(x). The corresponding asymptotic

formulas for these functions are obtained.

As an application of the obtained results we derive
asymptotic forms of the generating function for Laguerre
polynomials Lﬁa) (x) and get asymptotic formulas for sin x

and cos x.

1- An Asymptotic Form of Hn(x).
In this section we obtain an asymptotic formula for

Hn(x). Consider the Hermite's differential equation
y' - 2xy' + 2ny=0 , agx<b ceaesaa(l)
subjected to the boundary conditions

1 2

y(a) = 2'% e ?® | y'(a) = 2_% e% a’ (i V2n + a), ..(2)
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wvhere n=0,1,2, ... and a,b are two arbitrary constants.

It is easy to prove the following

Lemma 1. Let y(x) = 2-* e%x V(z), z= x.f 2 and

T =Db - a.
Then the problem (1) - (2) can be transformed to
-V 4+ g2 =sTv s O¢zgl, L.l (3)
V(o , s) =1 s ¥ ' (o, 8) = is, ceeeeno(4)
where 8° = 2nT® and qz) = T° (x* - 1).

Theorem 1. There exists a +ve number sg such that
the solution of problem (3) - (4) has the asymptotic
formula

bz, s) = [1+od) 1 |sl > S0 e (5)
or more precisely
Wz, 8) =i 14 22 of -l—,) 1 5 Isl > s, ...(6)
is
Z
where 0(z) = % 7 (iyge (T
o

Proof. It can be shown that problem (3) - (4) is
equivalent to the integral egquation

. Z
iz , s) = %2 +% ; sin sz - t) q(t) ¢(t , s)dt
0 ... (8)
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We first prove that if |s| > Sg » then Y(z , s)
is bounded in the space LZ[O , 1]. In fact, from (8) we

have 1
Wl < |81 of lae)] .| w(t, &) dt
1 1
L 2 2
< 1+ | I f |Q(t)| de] [:O'rlw(t , S)l at]?

ulb-

1 2
|S| Hayl felp  1EN =L 0_f ‘f(t)| ac ]2,

This yields

| sl
Wl < —'S——_— » s > |lell= S0
| S ] ||q|I ]
Taking C = max ,» it follows that
s |{|sl-nqn}
| @z , sll¢C Yze [0, 1] , |s]|> S,  erees (9)

Now writing (8) in the form y(z , s)= e 5% [1 + f(z , s)],

z
where f(z , s) é_e-isz S

sin s(z - t)q(t) ¢ (t , s)dt,
and using (9), we have

1 ¢
Il a(e) | de = = (say).

|s]

- This proves that f(z ,s) = O( —%— ) and thus we obtain

C
| £(z , s) <|;

o

the required formula (5).
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Secondly, let us yrite (8) in the form

ll)(z ’ S) = eiSZ [1 +Q§§L + g(z 1 S)]s

¢(z) e—isz Z

where g(z , s) = ie - —35is

[eis(z -t)_ e—is(z—t)]

- q(r) ¥(t , s)dt;

here we put sinf = _%I {eie - e_ie]. Then using (5), we
¢(z) e—isz Iz is(z - t) -is(z-t)
get gz , s) = Te - "7 is [e -e ]

- q(0)e™ (L + 06D ]de

z
-6 -3 awatl- I+ oLy,

o
1 z - 2 is(z - t)
where I = 5is of q(t) e dt.

Assume that q{z) has a bounded derivative and integrate I by
parts, we find that ‘I = Ot —ér }. Hence we obtain

z
g(z , s) = 0("%7 ) , since ¢(z) = %— I q(t)dt from (7).
0

This completes the proof of the theorem.

Remark. The formula (6) is similar to that obtained by
Coddington [3], who used the method of successive approxi-

mations of the solution. Here we introduced a new approach
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of the method of obtaining the formula (6).

Combining the results in lemma (1) and theorem (1),

implies the following theorem:

Theorem 2. There exists a + ve integer p such that

the Hermite polynomials H (x) = (x) have the asymptotic
formula Hn(x) = 2;% by L/_B(x a) [1+ -—;%5——§+ 0(“0]
wvhere n > p and¢=a’ - 3a.

Proof. Note that the formula (6) is valid if |s| > Sy
This means that c vn > s,» i.e. n> (s; / ¢’). Setting

[s; / ¢*1 = p, where {x] means the greatest integer { x, then

the formula (6) is true, if n > p.

z . z
Scince §(z) =% J q(z)dz =% [ T’ - 1) %ﬁ dx,
0 o
it is easy to see that
$(z) = % T -3x-8), 6=2a"-3a .oiveennn.. (11)

11,2

Recalling that yn(x) =2 *e*" y(z,n), isz = iy2n(x-a)
and applying the basic formula (6), we thus obtain the reg-

uired result (10).
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2- An Asymptotic Form of Jn(x).
In this section we try to find an asymptotic formula for
Jn(x). Consider the Bessel's differential equation
Xy +xy' + (x" -n')y=0 ,agx¢p  ....... (12)
subjected to the boundary condiﬁions
y@ =1, y@=+2 L (13)
where njo and a,b are two arbitrary constants.
It is easy to prove the following
Lemma 2. Let y(x)} = ¥(z) , z = %-1n g-énd c = lng .

Then the problem (12) - (13) is reduced to the following

one -Y"+q{z)p=s"¢ , o2zl ... (14)
Y(o , s) =1, Yo, s)=1is .. ..... (15)
where s = - icn and q(z) = —¢’x’ = -a* ¢* e*%.
Similarly, we obtain ( by theorem (1))
¥z, ) = 182 Loy sl s, @
Zz
where $(z) = 3 [ q(z)dz and whence ¢(z) = %(a2 - x"),
° cz
Xx = ae " °,

r

The formula (*) is valid if |s| > s, i.e. n> ép.
Hence this formula is valid if n > p, where p = [sO/ c]

is an interger.
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Remarking that
X
- = Xx.n
olsz _ cnz _ enln a =

*

therefore we arrived to the following theorem:

Theorem 3. There exists a + ve integer p such that

the Bessel functions Jn(x) have the asymptotic formula

I = B 1+ 22X s o) wp

3- On the Generating Function for.Hn(x).
In this section we consider an apﬁlication of the

obtained results in 8 1. We apply the asymptotic formula

(10) to derive an asymptotic form of the generating funcs

tion F(x , t) of the form

e2tx -t? pad Hn(x)

= I

n=0

F(x , t) =

n! t

which can be equally written as

~ H
P Hn(x) n jad n(X) n
F(x , t) =1 : t + Z ' £,
n! n
n=0 n=p+1 '

nnnnnnnnn

For the case n>p we apply the asymptotic formula (10),

while for ng§p we use the following known formula for Hn(x)

(1}: [n/2] (-1)¥ nr (2x)-2k
1, () = kio k! (n-2k)1
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in which [m] means the grestest integer < m and Pn_z(x)

is a polynomial of degree (n - 2) in x.

Then we have

.P H (x) o« —% s . _
F(x , t) =¢ n oy ¥ E__ e%x + 1/§;(x a)
n=0 ni n=p+l n}

[1 +£Cx,n)t",

- _ x’ - 3x - § 0.l
- L #%
where f(x,n) = R + \n)' ....... (%)
Gh(x) =2 " 4 Pn_z(x) i n=o0,l, ...... P ....(18)
and -+ ix*+ 1 2n (x-a)
ﬁn(x) =2 "%e [1 + £(x , n)] ; n= p+l, p+2, .,
......... (19)
we obtain therefore
e (x) ] - B (x) 0
F(x , t) =L —Q b+ X = '
n=o : =p+l )

Thus, we proved the following theorem:

Theorem 4. The Hermite polynomials possess a generating

function F(x , t) which can be written in the following asym-

ptotic form
B_(x)
Fix ,t) =% —m ™, (20)
n-o n}

wvhere Bn(x): n= 0,1,2, ..., , are given by
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an(X)

» 0ogngp
Bn(x) =

Pn(x) ’ p<n<w ...(21)

andﬂh(x) , pn(x) are defined by (18) and (19) respectively.

4- Some Applications on the Asymptotic Form of Hn(x)
We apply the obtained results in 8 1 to get two
asymptotic forms of Laguerre polynomials L;! (x) with

@ = % and to derive the related generating function.
1- Two Asymptotic Forms of Lgu)(x) with @ = +3
Using the facts {1]

Hzn(x) = (-" 22n n} L(-%) (x*)

n
By, (x) = (D" P2l (B (o
n

and applying the asymptotic formula (10), we have

1 _1yn 1 - - |
L(_2) (X) = zzgni\%;; e2X+211/—1'1 ()/;E a) [1+ Tglsxf!n + 0(}:!.1_)]’

e ® _,,.(23)

n
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L(%) (x) = ——LZLXl——— e%x t iy4n+2( v/X-a) {1+ %%E%yg + 0(%9]:

n 5
2047 i x

2

= ,,(24)

where ¢(x) = x* - 3x -~ 6§ . The last two formulas are true

if n>p and p is a +ve integer.

2- On the generating functions for I}akx), a= %

n
The Laguerre polynomials L(a) (x) are defined by
n
means of a generating function of the form

L%

[+

Z —
n=o (1+a)n

n|R

F (x,t) L1400 (xt) 2 o J,(2 /xt) =

where (a)n = a(ae + 1)@ +2) .....(c +n-1), n.21; (a)0=1
ifa# o, Ja(u) is a Bessel function of index gand T (u)
is the gamma function.

Now (15) may be written in the form

@ L P T ® L)
F (x,t) = 3 n et n
& ot 4+ z T3y t .
n=0 (1 + a)n n=p+1 (1 + a)n
a = i%,

For the case n>p we apply the asymptotic formulas

(23) and (24), while for n¢p we use the following formula
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{1} for L (x)

n
(- 1) (1"'0'-) (-1) xn +P(a)

k¥(n-k) (1+0.)k n! S e1$X) .

() () =

bl o I

=0
n= 0,1, +..,P
where Ifn-l (x) is a polynomial of degree (n-1) in x.

Putting

() _ (1) a o pla)
Yn (x) = nt Fn—l (x) ; n=0,1, ....,p, (26)

882 (x) = hﬁ“)(x) [1 + i%i§§5 +0(D)]; n=ptl, p#2, ..(27)
and

!—1% %x + 2i /n( vx-a) , if a= -3
1'1‘|;,

hga)(x) =
)" e‘}x + i v/4n+2 (ﬁ—a). % Cif o= +
2n+ 3
2 4 n})

we obtain therefore

( ) (@)
F(a)(x,t) - I;: __(_X)_ tn + OE __._...(_}i)_
o, 1+ @), - 1+ a)

rl

Thus, we proved the following theorem :
Theorem 5- The Laguerre polynomials Lgoo (x) , o= %%
a
have a genersting function F( ) (x,t), which can be expressed

asymptotically in the form
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! (x)

8
~+
=]

]

I+
W)=
—
[ o]
[#a]
N

D (y1) = 7
o (1+ a)n

n

el G =
s(®) (x)

n

R 174 1 L (29)

and Yﬁa) (x) , Gﬁa) (x) are defined by (26) and (27) respect-

ively.

5- On the generating function for Jn(x).

In this section we give an application of the obtained
results in 82, We apply the asymptotic formula (16) to derive
an asymptotic form of the generating function F(x,t) for Jn(x).

Bessel functioné J (x) have the generating function
-1 :
i -
F(x,t) = ezx(t £ .

n
g Jn(x)tn - eeeaenaeas (30)
n= -«

which by virtue of the fact J_n (x) = (-—1)n Jn (x) teads

Fx,t) =3 () + L 3 (x) [ "+ (-1)" ™

n=1

p w
Jo) + T J (0 D"ty 2T ()
n=l O n=p+l n

T+ =DM,
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For the case n>p we apply the asymptotic formula (16),
while for n{p we use the following famous formula for

Jn (x) [1] :

) k ;1 \n+2k
- (-1)" (3x) .
Jn(x) = ;io il (;+k)! , n integer ...... (31)

Then we have

P
Fx,6) = Jg(0) + I J G0 (€% + ()" +
n=1
? n a’ - x’ 1 n - 1\°
pepr1 @ [1+ — + 0] (67 + &) 1.

n

If we put now K
® ( -4 x)

D =1,2, v (32)
a X y n gy e ?p

and

-n a’ - x _ 1 . _
bn (x) =a  [1+ i + O(H:)] ¢ n=p+l , p+2, ...(33)

we obtain

P n o )
F(x,t) = J,(x) + §=1 a_(x) [(xe)" + ( -f) ] + n=§+1 b, ()

[(xe)" + (- 7]
Consequently, we proved the following theorem :

Theorem 6. The generating function for the Bessel

functions has the following asymptotic form
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F(x,t) - J (%) + nz=1 A ) [(ee)™ + (- %)“], .......... (35)
where An(x) : n=1,2, ..... are given by
a (x) 1<ngp
An(x) = % .......... (36)
bn(x) . p<ng

and an(x) ) bn(x) are defined by (32) and (33) respectively.

6- Asymptotic Forms of sin x and cos x.
In this section we apply the results obtained in§ 4.
That is, using the formula (35) for the generating function
we can derive the asymptotic forms of sin x and cos x.
Now, by definition, the generating function for Bessel
functions is F(x,t) = e%x(t_g_l) and hence puttingii?i we

then conclude that

. ix ..
F(x,i) = e~ =cos x + i sin x

......... (37)
On the other hand, using (35).}ith t=i we get
F(x,i) = Jo(x) + z An(x) [(ix)n + (- ﬁon]
n=1 i
o . . n
= Jo(x) +2 L An(x) o Ax)Y e (38)
n=1

and this relation can be written in the form
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. ® . 2k <
F(X,l) = JO (X) +2 A2k (X)- (IX) +2 I A2k+1 (X)-
k=1 k=0
(ix)2k+1,
i.e.
L= -] <0
Fooi) =J () +2 & (DN Ay () ZKioit (¥
° k=1 k=0
2k+1
Ay 4 10
.............. (39)

Therefore, from (37) and (39) we finally obtain the following

theorem

A k 2k
Theorem 7. COS X = Jé(x) +2 £ (-1 AZk(x) x

k=1
............. (40)
and o []
sinx=2 L (- 1)k A2k+1(x)x2k + 1. creeees (40)
k=0
where An(x) : n=1,2,3, ..... . are given by (36).
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