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ABSTRACT

In this paper, we construct new fuzzy
outer measures from some given fuzzy outer
measures. In the last theorem of this paper ,
we give a sufficient condition on a fuzzy
outer measure to be a fuzzy measure.

4~ INTRODUCTION

Throughout this paper, the following notations will

be used. X will denote an ordinary set which we fix tgyou—
ghout the paper. I is the closed unit intervel[0,1].R_ 1}.

is the set of all extended non-negative real numbers. The

complement of a fuzzy set u will be denoted by u© y 1.€.
o

u =1 - u . The crisp fuzzy set 1, , A X is defined
by

1 if X &A
Iy (x) = _

o if x €& AS
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The definition of fuzzy O~ - algebra and fuzzy measures

were introduced by E. P. Klement in [2] , as follows.

1- A fuzzy O~ -algebra is defined as a subfamily

c’c:IX , satisfying the following conditions:

( G71) Vconstant a : ago-;

(0-2) VYueo— ; ueo ;
N
(973 V¥ (u )né y €0~ , Nisa countable

set ————> sup u &0~

nelN

(Notice that if @~ is a fuzzy g— -algebra , then (07 3)

holds when N is a finite set).

2- A fuzzy measure is defined as a functional

* -
. o— R+ fulfilling the following properties:

(MI) the domain g— of m is a fuzzy g~ -algebra ;
M2) m (0) = 0 ;
(M3) Vu,veo-- tm(u Vv ) +mlu Av) = m{u) + m(v);

M6) ¥ (u ) NESY . u, T o —m(u ) 4 m(w).

n‘ne
The definition of fuzzy outer measure was first introduced

in our work [3], this definition is needed in this paper.

(For the orinary measure see [4]
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. ¥* X ®
Definition 1. A functional m : I —_— R+ is

called a fuzzy outer measure on X.iff the following

conditions are satisfied:

(01) the domain of m* is all the fuzzy sets on X ;
(02> m* (0) =0
03) Vuve ,u g vim W 5 n (V)3

) V() . y€o x

n‘ne . is a countable set:

. .
m (né/N 1’ln) éZ" m*(un).

ne N

(Clearly , a fuzzy outer measure is finitely subadditive

i.e., (04) holds when N is a finite set).

ITI. Fuzzy outer measures constructed by means of some

given fuzzy outer measures

In the following two theorems,we show how to construct _

fuzzy outer measures from given fuzzy outer measures.

3

Theorem 1. If m a fuzzy outer measure on X and v is
* . X

a fixed fuzzy set, then the function n with domain I

given by

* 3*
p (W) = m (unAaAv)

is a fuzzy outer measure on X .



i010

Delta J. Sci. (11)(3)1987

Fuzzy measures and fuzzy outer .........

*
Proof, Clearly u satisfies (01) and (o02).

Let u,w be any two fuzzy sets such that u ¢ w , we have

#* * # #
» (W) =m (uAv) $m (wAv) = (W),

3*
Thus p satisfies (03).
*
To show that u satisfies (04) , let fun i n= 1,2,3,...3

be a sequence of fuzzy sets. We have

p*(\lf e ((V u)AV)IR (Y (AW g
n=

n n=1 n n=1 n

* *
S22 w (A= 2 ¥ ),
n=1 n=1
which complete the proof of the theorem.

#*
Theorem 2. 1f {u1r1} is a sequence of fuzzy outer

*
measures on X, then E . m, defined by

n=1
(2 m ) W=J_n (W,
n=1 n=1

is alsc a fuzzy outer measure on X,

* #
Proof.. Let p = Z m
n=1L.

N .
€learly u satisfies (01) and (02).
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Assume u,w be any fuzzy sets such that u £ v .
Then

3t
n (u)

(2L, w0 =2, W2 m =
n=

n=1 n=1

(Zi mo) ) o=p )
n=

*
that is p satisfies (03).

Let { u ot 1,2,3,.... s be any sequence of fuzzy sets,
we have

#* * ¥*

n=1

<§:_. Z.. n (ug) ==Z; L m*fuk =

2=l k=1 " k=1 n=t

- 2wy W) 5D IS T I
= n=

+*
Therefore p satisfies (04) and the proof is complete.

TII. Sufficient condition for a fuzzy outer measure to

be a fuzzy measure
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In the following theorem, we give a sufficient con-
dition for a fuzzy outer measure to be a fuzzy measure.

#* *

Theorem 3. Let m be a fuzzy outer measure on X, If m

is additive i.e. for each u,v & IX with u Av=0 ;

m*(u v) = m*(u) + m* (v),

3*
then m is a fuzzy measure.

»*
proof. It is clear that m satisfies (MI) and (M2).
Now, let u,v & IX , then

nWVv) = (WAL , ) +
ixex :u(x) £ vix)

+ m*(uv vIAL )
{xe X :ux) > v}

m*(v/\l ) +
{xeX su(x) < v(x)i

=

+ m*(ujxl ), (1)
ixé X :u(x) > v(x)

m ((uAv) A 1 )+
[x€Xux) 35 v(x)}

#
+m (( Yy 1
mATHAY ixe X:u(x) > v(x)k ) =

m*(u AV)
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= m*(ul\l ) +
{xe X:u(x) £ v(x)j

#
+m(val

. ).
{x ¢ X:u(x) > v(x) } (2)

Addition (1) and (2) , we obtain

# * *
m(uyv) +m (uAav)=[m( 1 ) +
txé X:u(x) > v(x)k

*
+m fuAnl ) 1+
{xe X:ulx) £ v(x)}

+ [III*(VA].
éxe X:u(x) g v(x)} ) +

+ m*(v/\ 1 | 3] =
fxe Xu(x) > v(x)y

* *
=m (u) +m (v).

*
Thus , m satisfies (M3).
*
It remains to prove that m satisfies (M4).
Let ?_ u 5 n= 1,2,3,.... } be a sequence of fuzzy sets
such that u S Ui for all n= 1,2,3,....

Define the fuzzy sets tvn ; n=1,2,3,.... E as follows:

(i) for n=1: =u, A1

1=% . ’
tx € X:uy(x) < uy (x)}
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(ii) for n > 1 : v, = u A 1

i::e Xiu _,(x) = un(x) < un+1(x)3'

obviously, vi/\ Vj =0 for i#4 j; i,j=1,2,3,....

Moreover,

. u A1l
i=1 ixé X:un (x) < U (X)S

]
[

Il
=3

i=1 i=1
n
Clearly uo2 \/ v, » then
- i=1
¥ # D I *
Y=
m(u) 2 m (V v, Eilf m (Vi)

i=1
Thus , as n —» o0

. oo * * )
lim b(a) 2  m@vy) xm (V/

n-—» oo i=1 i=1

On the other hand,

(3)
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n 1

0
u kY \/ u, =u,
i=1

#* *
then m (un) £ m (u) .

Hence
* .
lim m (u ) =m (u) . {4
n —» 00
From (3) and (4) , we have
#* *
lim m (un) = m (u)
n —>» o0
Thus m* satisfies (04) and the proof is complete.
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